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FOREWORD TO VOLUME III . . V- 's^ 

•'• ' As 'we saw in Volume I 'and- I £ /Chapters 1*6) many properties of the graph 

of -a function can be emalyzkd ^frbm- knowledge of .the derivatives of the. func- 
tion, the value of .the derivative being the 'slope of* the" tingent line at a 

points For polynomial, circular/* exponential and. related functions we were* 
'able/to find derivatives, which' w,ere then used to analyze rise and fall,/ ^ 

convexity,, velocity or acceleration-. ■ These ti^thoas ^are extended in Chapter 8 
• of/this^volump 'to functions which ,a*re sums, products, composites, powers, - '\ 

reciprocals, quotients* or inverses of known functions ^ In principle we shall 

:then -be able, to analyze the' properties, of various fclgetyr^ic coiflbina/tions of 

' . # ' • if " . 

the' functions .discussed in vplume.*one and two/y " . ./ •• • ■ 

1 • ' ■ ■ . . . - * »• •> 

" '-This yolume ^xs Begun with the study of a^ea^und-er the graph of - a function, 

a concept w^Tich, aV£U^£^ance, seems to be unrela.t'e^d 'to that of tangent line.. 

The fact that these" <two concepts are related is one of ' the great^iscoveries in 

mathematics, first noted by .Borrow ( 1630-1677 ). . He showed ^£at ifhV-area bounded 



by the graph' of f, the x-axis an^ verticaj^ines. at .a and^B ^is given fcy ■ 
F(b) - F(a) where F is a function whose derivative is f. This resuLt is 
appropriately known as the Fundamental -Theorem of. Calculus. The first three 
sections ' of /cn^cter 7,"are* devoted to developing a r: geometric 'understanding of , 
'this result. The -final three sections concentrate on rfotation and ^tecfiniquee 
for finding areas by using th.e Fundamental Theorem. ^ & 

■ . Chapter 8 is ^primarily a discussion of -method's: of diff erentiatingv ^gebiflfr^, 
combinations of, functions. Where approppwate^ integration,' concepts (that is,- 
the area concepts of Chapter 7) are also dispussed, as the se ; provide a^fufther * 

■ geometric Mntefprejjftion for analyzing the behavior tif functions^ 



■^These integration .^oncepte zpe explored"' further iai Chafer ^, which^ con- 
tains an important metbfctf for finding antideV>^i v esf an int^prelfct'ion of 
the -Fundamental Theorem in terms pfV average <> value and^volumes of l&iidfe^;of t . 

revolution,- as well ai>. numerical integration methods and a- discussion of 

; ' ft . a " 

remainder estimates for Taylor, approximation, f * . 

Some elementary differential equations are discussed in Chapter 10,. with 
application^ -to ♦action and 'growth and' deca;/." In addition it is shown, hdw the 
expression of the . logar3."fcfeia as an integral .can be used to obtain the.proper- 
.ties of the logarithm and exponent^^£imcti6ns .. j > 

The appendices are intended to 'fill logic aj^garaytn the intuitive develop- 



; .ment of the text "arid to extend, the'- material ofAhe trekt 
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This chapter begins a discussion of the concept of area of a region 
bounded by the graph of a function. t At first glance,, this area appears to be 
entirely unrelated: to our discussions of derivatives in volume one. Upon' 
closer inspection, however, we shall discover that* these two ideas .must be 
related. Suppose A.(x) represents the area of the shaded region shown In 
the folldwing figure. - . ' 




= f Ox) 



\ O 



\s we move x ^long the horizontal axis the area A(x) 'of the" shaded region 
changes. A measure of the rate of change in A(x) is, of course, A»(x), 
tie value of £fe derivative of .' the area function at x. This cHange in area 
is also related "to the hei^t of the graph of. f at x; that is, to the value 
f(x). Consider for example, the case when f(x) ip, large. 



y , 






- this region has 
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r \ area A(x + h) - 
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-If we move a' small amount, say h -junits, to the right, the area A(x 4- h) 
increases" fairly quickly, go that the additional area A(x *■ h) - A(x) is 
fairly large. If, however, f(x) is close to tne x-axis , 




this region has . 
area A(x + h) --A(x) 

? y = f(x) 



then the additional area A(x + h) - A(x) will be fairly, small.. * . 

These considerations lead us to suspect- thai?) there must be . some relation-* 
ship between the rate of change of the area .function x ->A(x).' and the values 
Of f, that is A , (x) must be related to' f(x).- In this chapter we shall 
show that for most qf the functions of interest to us^in this .text, the .deriva- 
tive A* of the area .function* is f; that. is, A'(x) = f (x) . 

'*' Of course,. it is not immediately obvious wbat^the area founded by afr graph 
Should be, parti'cularlyMf f is u not a constant or linear function. Therefore, 
in the first section, after considering constant and linear cases, we deal with 
an approximation procedure for obtaining the area of a region bounded by the 
graph of a nonlinear function (Section 7-l)-' A useful notation for this area 
is- introduced and various intuitive properties of area are then discussed 
* (Section 7-2). A proof of the* relation A*(x);, = f(x) is given in' Section 7-3 J 
where we establish the' so-called Fundamental Theorem of Calculus, tfhich; stages 
that the area bounded by the graph o^ f, the x-axis ■ and vesical lines at a 
and b is given by the difference' F(b) -,F(a) where F is any antideriva- - 
tive of f. (that is^- F* = f ) . Further notation is* "introduced ip. Section Tfk, 
and .the results are extended to- signed area in Section 7-5-/. * , x 

* • The final section discusses the use of antiderivat ive formulas in calcu- 
lating areas. Further antidif f erentiation methods are discussed in Section 
9-1 and Appendix^. This basic connection between the area function and f. 
is also discussed in Section 8-2, -where we use the Fundamental Theorem" to , 
""discuss the relationship between the derivatives of a function and the shape 
of its graph. ....;'"» , . # 
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7-1. Area Under a trraph, _ _ v . — 

•We first attack the general problem. of finding the area of a. region 
located in the first .quadrant, bounded by the graph of.. a nonnegative function , 
f, -the x-axis, the y-axis and a. second vertical line, as in Figure J-la. ■ We 
shall not specify the value of the coordinate x at which the second vertical- 
line cuts the x-axis. This will allow us to find general formulas rather than 
particular numbers. We shall denote the desired area by A(x). ^ 




Figure 7 -la 
■ Area under a graph 
Frequently, the. first'' step a . mathematician takes in attacking a new prob- 
lem is to investigate a few special cases of the problem. He often finds this 
initial investigation very helpful in setting his , mind working towards a gen- 
eral solution: . In this spirit we began with the simplest of polynomial Junc- 
tions and examine the area under the graph of the constant function . 

f : x -» c, 

where 'c is a. fixed positive number.. This case is very easy to handle: In; 
fact, since we know that the area of a rectangle is equal to the .prodUS^ of _ 
its base and its height,. we see that the desired area is . . 
• - A(x) =.cx. « 



Figure 7-lb-) 
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Figure 7-1^ - 



y = f(x) = c 



The area of the shaded /region is ex. 

5V7 '• • . 
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Note that the "area function' 1 

A : x 7* cx 

is a linear -function whose derivative A'- is 

f : x -» c . ' . 

i The next case we examine is that of a linear function 

f : x -> mx + b . 

The anea' we wish to find is that of the shaded region in'Figure 7-lc. 




y = f (x) = mx + b 



^Figure 7-lc 

Area under f : x -> mx + b 

This case is also easy to handle since the shaded region is a trapezoid 
We recall that the area of a trapezoid is ~ the sum cs* the parallel- bases 
times the height. In Figure 7-lc the trapezoid is lying on its side, its 
"bases" have lengths f(o) and f(x),. its "height" is x. Therefore, the 
desired area; is 



\ {x) m m ±im . x . 

l_ .(m - 0 + b) + (mx + b) 

2 

— ■ mx + 2b - 



2" 



V 



+ bx. 



We observe that the derivative' A' .of the "area function" 



5^8 ■ 



X -» • 



mx 



+ bx 



is the linear function 



f ':' x.— * mx + b. 



After the constant functions and the linear functions , the next simplest 
polynomial functions are the .quadratic functions. Even though these functions, 
seem to be but a step removed from the linear -functions, we .shall see -that 
they introduce an entirely new order of complexity. The reason for this is ^ 
that the graphs of quadratic functions are curves, and we have no formulas 
for calculating areps of regions bounded by curves (except, of course, when 
the' curves are circles) . Hence, it will be wise to move more slowly, and 
first study a very special 'case— say the function f : x -» x (See Figure 

7-ia.) ■ '■•'.!?-■ . / 



f(x) 




Figure 7-ld .. . , 

"\ 

„ . . 2 
•Area under f ■ : x -> x 

• If it were possible to cut the region up into a finite number of rectangur 
.lar or triangular parts we could add the areas' of the parts to obtain the total 
area. By. this method' the best we can do is to approximate; the', area . We can 
cover the region with rectangles ^nd obtain as the sum of their\reas a value -, 
that is somewhat larger thantf^ one we seek. .'On the othe* hand, we can pack 
.. rectangles into the region^thout overlapping, and ibtain in the sum 'of their 
areas a value that is. somewhat too' small. In this way we may at least hope.to 
^arrive at an approximate value that :we might be able to use in constructing _ x 
oiir area function. 

■ ' v . y" ■ "'• » 

Our procedure, is to subdivide the line segment from 0_ to x / into a 
' large number of equal parts, then to use the subintervals as bases of rec- , 
' tangles/interior and exterior to the region. To illustrate. this procedure 
we examine a case where the , number of subdivisions is. small. ' ■ 



5^9 



1 1 



4 



< 
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"suppose we. divide the linejeegment from 0 to x into. 5 equal sub- 
•internals. Each, of these subintervals will^be the base of an interior ^rec- 
tangle/ the largest rectangle, that- ca'n be (Jrawn under' the ; curve with this 
'subintervai -as base (Figure 7->e). , Each of these subintervals will also be 
the base of 'an exterior rectangle, . the smallest rectangle that' can be-. draW^ 
above the curve with' this rectangle as base "^Elgure 7-lf ) • - . /« 




x 2x_ 3x'- Hx 
5 5 " 5 .5 




x 2x 3x x 
5 -5 5 -5 * 



Figure. 7-le 



Figure 7-lf 



Ar,ea approximated by. 
exterior rectangles. 



AreH approximated by 
interior rectangles. 
We see from these figures that our desired area A(x) satisfies the two . 
inequalities ' * ' '' „ 

^(1) ' A(x) > the sum of the areas of the interior rectangles, 

(2) .; A(x) <■ the' sum of the area's- of the exterior rectangles. 

' Le't us calculate 'the sumo"; of t.hjs areas; of the interior and- exterior rectangles. 
If we split the segment from 0 to . : x into 5 equal parts/ the^ length of 
x 
5 



each part will be f and the endpoints of the parts will "be 



n X * 'i'.'.^X- - Ax • 5X 



- (3) : 

. From Figure 7-lg we see thatj-the height of an interior- rectangle is f<a)> 
where a is the left" endpoint "of its. base; iahe height of an exterior rectangle 
Is f(b) 7 , rthere . b is the right endpoint of its- base. 
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a b 



Figure 7-lg _ - : 
Heights of 'interior ^hd exterior rectangles. 

• . " • . • •.• * 

Usitg the subdivisions {.3) we -know that the heights of the (five ) inter- 
ior rectangles are , 

,hxs 



"f(o),.f(|),. f (f),f(f)W(f) ; 

the heights of 'the corresponding exterior rectangles .are 

• Multiplying each of these heights by. the common -tose length |, . we obtain 
the' area of the' corresponding rectangles . The sum of the area of the^nterior 
rectangles is 



. ' |[f(o) + f(|) + f(f) + f(f) + f(y)V. 

of the areas of the. exterior rectangles is 

• ^(fe) +f( f) +f (^). + f(f)i. 



. The sum 




Since f : x -» x we have 



The leftmost "rectangular region" has zero area, 
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/ C°) = o, f(f) H h, *t¥)'-^ v *<f) = 

The- sum of. the areas/6f the interior rectangles 

2 . • ,. 2 ■ n 2 , r 2 




\ 



. ... 5|_ 25 25 25 25 J 
5 L25 . • 25 25 25 J 



6£ 



The sum of the areas^ of the exterior rectangles 

,3 



5 L25 25 25 25 25J 



_ 11X 3 ; ■ 

Our desired area' A'(x) lies between these two quantities; "that* is, 

v — <A(x) <— , _ , ^ 

This is certainly not a very accurate estimate of our desired area. If, 
however-; we use a larger number of subdivisions we may hope to improve our ' ^ 
estimate. ' /' 

To obtain a general estimation formula, we let n denote the number of 
subdivisions of the segment from 0 to x. -The length of eacfr part will be. 
and the' endpoints .will be ■ V 

0, f : 2(|), 3(f), (n-l)(|), n(J). 

The heights of the interior rectangles will be 

4 * . . - . r 

.. f(.o) , f/f), f(f), f( (n ; 1?x ). 

The heights of the exterior rectangles will be 

. f(f),f(f)/...,f(f). 

\. * 

The sums of the areas of the interior and- exterior rectangles will be, 
respectively ■ , ' 
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jr-- 



"and 



(5) 



Since f : A^j* » wo have 

' -.' 'A 



• f(o) 



■ 2 2 
* n n 



and, in.' genera^ 



^ = 0/1, 2, 



n. 



The interior sum ( h) can then be rewritten as 

k 2 2_ . 3. 



xr n . £ + it£ + -y JL° •- x 1 = ^[o. + M + 1* + ...,V(n - 1) 2 1 

*L > 2 n 2 _ n 2 , J n^ L , J 

To simplify this we use the formula* for the first (n - l) square^s ' 

.1 + lr.+ ... + (n - l) 2 = |(n - l)(n)(2n - l) = n 3 ,(± - ± + ^) • 

We can thus rewrite the interior sum. [k) as .„ | 



1 



x 3 ... 

3 " 2n 6n 2 " 



A similar process applied to the exterior sum. (5) gives- the sum of the 
areas of the .exterior rectangles 

' ■ : . . .£ + £ + jL.. ■ 

; . . • . 3 + 2n. g n 2 

Our desired area ^(x) lies between these two quantities; that is, 



(6) 



x^ x^ t x 



x 3 , x3 . -x 3 



3 ■ 2n 6n 



See Appendix 3. 
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This jnust be true for each positive integer n.-^If. 'x is^fixed and n is_ 
Very . large compare^^bo x ■ each of the terms h ^ , > 

' 2H' Snd ^2 ■ ■ . 

■ w r. * on . ■ 

must be very close to zero. This process , suggests- that the only value that 

the area A(x) can have is rr.-..; ' . . 

3 > 



ft **We summarize: if f.:-x,-»x and A(x) . is .the area of the region 

.. bounded by the x-axis, the y-axis, the graph of and the vertical line x 
units to the right of the origin, then. ^ « ■ 




• Note that theV derivative of. the areF functioji is 

' ' 2 ; .'-'/'. 

• '/ 

that is, A r = f. ... . 

This same relationship- A r = f was true in the case ^qf^cohstant and 
linear functio^. We might conjecture that it is always true. In Section 
7-3 we shall 1 show that it is indeed true' for a wide class of functions f ,• 
a class which' includes most of the functions of interest to us in this book. 

r s ■ 



< 
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' Exeroises T»l _ ' 

-1. We Showed "in this section tjiat . the ? region bounded -y^he coordinate axe ^ r 
^ . y = x 2 , aria a vertical.line/aji x'/ has an area wMen is between tlje sufif -j5-. 
' of the. interior and the^exter'io^ Wctan^leV. ..'This inequality (&) va^ . 

V x 3 (1 iX* + %V < A(x) 'TM + : • '* ♦ •' '' 

^ U 2n 6n 2/ v v M> V3 2n, 6n 2/. 



-(a) It follows .that ; ., *' .< ^ " a 



Express this relationship when * • * * ■ 

(i) n--5. , ;. , * o c • 

"(ii) . n = 100 • 

(b) From (6) we khow "that- .*.".' . ■ ' . v „ 

Using directly the results of part "(a), i.e., with minimum computa- 
% tion, express' this relationship when ' # 

. '-(i) n = 5 . - 

(ii) ,n =100 . 



(c) Using A : x ^ x 3 for the area function associated with the 

function, f : x -»x 2 , find the. area in the firsi quadrant of the 
region bounded by the coordinate axes, y; = x , and the vertical ^. . 



• line at 
(0, x = | 

(ii) x = 3vf .' 



■ * 3 ■ 

■ 2. If > f : x ^xi- . -. • ( 

/V ^ and' A(x), is the" 



' 7 „ area of -the region- 
depicted in the 
• V ' ' sketch to the right > 
show .that the area - 
■ function is -u / ■ 

. y- ' ; t .' 
* c 5?^ ■ * 1 4. . 

x < * * 

. - y 

1 using the metho'd of 
this section 'for 
finding the area 
function of x -* x . 

[Hint: The sum of 
(n - l) cubes is. 




Equal sub-tijgtervals of . 



'(a) First,, show that the suni of the areas of the interior rectangles, is 



(b) Second, f w ind t^ sum ^f^he^ areas of the exterior rectangles / 
. showing that , • 



\ 



' ■ i 



(i-i^)<*w«4-( i *I^*< 



• \ i u 

afijl-a^. .n , A : x ->^x. .« 

fc) Next, using ^the inequality of -part (^) above, and .letting x = 1, 
find an express^ipn for A(l), whe^ 



\ 



' 1 •. (1) n =5 
.-f* (ii)' n = 100 



(d) From the expressions 



founa"f(» A(l) in part (c) above^f ind , w 



minimum computation, an expression for A(2) , when n - 100. 
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: . \ (e) Using [A •«* x -» £ x^ for th^-ac^ function .asso< 

a "f unction^ 3*4 x -» x?, .fincT the "aTea in tfie-first .jjuadranjf of the 
' region bounded by. the cj>ordinat/ aocas/* y. =/x 3 -; a^nd the* vertical 

■ A * • - * it'' * ■ 

— . \ line a ^\*" 



ciaied^feith the V 



3 # . ""^ind'the area of the region ir? the* 
v 

first quad rant, bounded by x = Cy 
/ ? y = -x 3 . t _ - 

~~ . [Hint :> y j*. 1 '"and y =. x 3 i£ter r - ^ 
. sect at (0,0) and ■ (l,'l) . The 
shaded area equals the area under 
"X = 1 minuis tlje area under y 
(between the intersection points).]*.' 



\ 




k: Find the area of the regiqn in the 
first quadrant bounded by y = x 

2 '■• ' 
and y = ,x . > 



A- 



[Hint: Find the intersection 
points; find the area un&er each * 
ci^rve between intersection points; 
..find the diffJrence between these 



areas . ] 
* 




y = x 



5. Sketclj y = x J and y = x [ - ^ < x < ^] 



3 ; f _ , 2 r - i < , < . ' • . . ' I 

In a similar manner to that of Number -3. and Number k, find the aijea 
between the two curves ..•■*. ■ <■ . » ■ 



551 



I<4 




V 



1 ; • -i>V •*• * 

6... Assume "JBat y = ax + bx -J'c 
fx tig in- the position .or. the. ^ 
^ sketch to the ri^ht. By ^ 
sunufiin^ the „are,as of 'interior 
% < • -rectangies"an$3 exterior rec- 

%^&Les , N f ind the arjea of ■ tj*? ■ 
v - . r egiQ^bounggd ' in the first 
■ ' • ■■ quadrarftY^y. th£ coordinate* 
• ' ^s, the ^urye 
" v y .= ax^ + bx + c, and the 

1 vertical line* at ■ x. ^ That, is, 
. v ^ .if % «f \c -> ax 2 +^5x + c,f 
* '. ' shew that 'the a*lea function is 



1 3" ' " 1 v 2 ' ■ 




% • • • • 

7. What* conditions on "a., b^ c will guarantee tjiat there are some positive 

numbers \x such that .on the interval from 0 to x the. graph off., 
y = ax 2, Ax +!cj- a i 0, will lie in the. first quadrant? 

8. Using the results of Number 7, detdrmjne/which :of the fbllqwirig have 
non-empty regions in the first quadrant bounded by the coordinate axes,, 
the graph of the function and' some < vertical line to the right of the * 
origin \ • , ^ 



(a) -f ': x -> x +1 



;(b) 



x -> x - ■ 2x 



( c) ff : x 4 2x - 3x 
(d)' ff : 'Jc -> x - 



2. 



9. For each of the following use Number 6 to find an expression for A 
and then the area of the region bounded by the coordinate axes, the . 



indicated curve and the indicated vertical lines. 
*(aT ; f: x -&x 2 V 5x + 3 

. ' (i) x ,= 1 



(b) f : x -> 12x + 3°x +16 



(i) 



x = g 



(ii) x = 3 - 
(ii) x = 1 



(c) 



ff : x -» 12. +. l8x 
(i) x = 0 



3x' 



(ii) 



-x =1- . 



(iii) x 

(iv) x 



2 
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10. Find the area in quadrant one^ 
• v . * 

rt bounded by the quarter circle 

. (with center at origin and 

radius .2), the line / 

. x - ~2y*, + k = 0, ahd .the 

vertical line tangent to the 

circle • ) 

— [Hint: Find intersection 

"points; 'find area of quarter. 

1 ciicle by geometry; subtract 

areas. ] 



^ ■ y 




12T; Find, area of regiolK bounded^ by 



o, y 



[Hint.: Use symmetry..] 



.9 - x , and 





■ V 



.12. (a) For the function : x -*X 2 # \ we developed in this section an 
inequality for' the area function: ^' 



Show that if we average these sums of areas of interior* and 
exterior for n = 5, we-hav^ A(x) 3. — x • 

(b) Now estimate A(x) for the same function by connecting (O,f(0)) 

to (| _ to Ct^tJ 1 and summing the • 

resulting trapezoids. . . 
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. .(-•- 

r - . V ■ .... ■ - . ■ . - ' 

■ (c) _As a. third estimate, sum 51 rectaijjgle^dth equal widths alffag. the 
* * * ■ ■ . . •'*'.,>■' . ■ 

the x-axis, and heights -er&j^&zai&Qie -'siftl^oint of each interval; 

i.e., ^the .width of eachi^^a'ngle ylui^^^ ~ , and the heights _ 
^ N would be , i.. . ■: 

(d) Which of these three estimates above is the closest to the exact 

» ' * "1" 3 ■ - • " • . * 

■ area .of — x . 

.', • 3 « 
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7-2. " Integral N6tetion 

Let us introduce some common notation. Suppose that a < b, that f.(x) 
is define^ for a < x < b, and that the graph of f does hot* .go below, the 
X-axis in this interval; that .is, f(x) >Q for- a < x < b. The symbol 

ib .. ' _ 



is read, "the integral of. f from- a to b" and denotes the area of the ; 
region bounded jby the x-axiff, th^ graph of f and «ie two vertical lines 
given by x = a and x = b. (See Figure 7 # -2a.) . The terminology and the 
symboj (which is the Roman letter, summa ) arise- from the procedure (des- 

cribed •In the previous section) of .approximating sums for finding areas. The 




Figure 7-2a 
Area under a graph. 



numbers" a., and b are, respectively , called the lower and upper limits qf 
integration. 

In 'the first . section for convenience we took the lower limit a = 0 and 
denoted the' upper limit b by x, obtaining formulas for 



A(x) = f - , 

JO t 

for certain simple functions f. Using .elementary geometry we found that 



(1) ' 



if " f : pc c, then 1 f = ex; 

JO 



and 



(2) 



2. 
mx ; 



if f : x r>mx + b, then I - f = + bx. 

JO '■ 



A 
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We also approximated 
tively that 

(3) 



wl*tfT*interior and exterior rectangles to conclude tent a - 



if f 



then 




In 'order to become more familiar with the integral notation (l), we sha] 
discuss here spme properties which, we expect area. -to possess. This discussion 
will argue from intuition. .'that 'is,' we shall suppose that the desired 

\ Ch- ' -V 

areas ' V f can .be found^ in such a way ah to be consistent with elementary 
area principles. In the append i^sjwj/sh^ll show that the process of approxi^ 
mation by sums of areas of interior and exterior rectangles will, for. the 
elementary functions which concern us, indeed..'; give f concept of area which is 
consistent; with these principles. . ' : 

. The area of a region, such as that sh!own -in' Figure 7-2a, should be a non- 
negative number; that is, ~ . ' . 

(k) if f (x) > 0 for a<x^.b, then \ f > 0. 

■We expect that the area of a region should not exceed the area of any larger 
region; a. useful formulation .of this idea: 4 

■ if ~ f (x) < g(x), for', a < x < b, then 



(5) 



(See Figure. 7 -2b.) 



b b , " 

f < V :;b- 

a . Ja 





Figure 7-2b ■ 

The area under f ..does not 
exceed the area under g. 



Figure 7 -2c 



4: 



(b - a) <4- f < "M(b - a) 



An application of the inequality of J(5) gives bounds for area in terms of 
bounds for f. Suppose M is a constant and f(x) <M for a < x < b. With 
g : x ~» M - we can apply (5) to obtain' \ 



r . s: "it 



g = M(b -a) 



Similar arguments can be applied if m < f (x) ,to oVtairi" m(b-.a) <^ f. 
(See Figure 7-2c.) In summary: ' 

...if m < f (x) < M for 'a<x"<b. then ' 



(6) 



4 



(b - d) < I f < M(b - a). 



A line has no width and hen^e zero area. Thus, if we take, b- = a, we 
should expect the area to be zero, that is, «."'.' 



(7) 



f = 0 



This is consistent with our result (6), for. if we take b = a • we obtain * - 

fa. \ r 

0 = m X 0. < 1 f < M X .0 - 0. ' V 

If we choose new horizontal or vertical scales then we 'expect the area to 
be changed by a corresponding factor. One useful consequence of this: ■• 

If g(x) = af(x), for a < x < b, where' a is 'a . ' 

1 "\ ' 



(8) 



positive constant, then 



(See Figure 7-2d.) 



g = Of 




Figure .?-2d 

The area under g is a times the area under f. 



In one region is the union of two rion-overlapping regions we expect the 
area .of the first region to be the svm of the areas of the subregions . This 
adflitivity principle has two useful consequences, .(9) and (10\.- . 



(9) 




lies % between a and . b, then*' 



' f + 



f; 



-that As, i-f we cut the region under f by a vertioel line, then the area is 



the sum of the two resulting -areas ^ . (See Figure 7-2e.) 



\ 



r 



















' A 




a 


t . b 



0 

Figure ' 7-2re 

The area of the region under the graph of f ' -•. 

* between a and b is the sum of . the areas . -. 
r f r . 

of regions A and B, ; = S^ \_J 

■ A second useful formulation of addi1>ivi$y is obtained 1 for -the ssbnL of two 
graphs. The sum f +.g . is defined as the function whose value at ■ x 
. f(x) + g(x); .th^tis, .the graph of f + g> is obtained by adding the ordi>ates 
of the graphs of' f and g.& We have ■ 

(10), 

(See Figure 7-2*0 • 




.Figure 7-2f 

The area of the region under the graph. of f plus 

. the area of the region under the grajSh* of . g is 

xhe area o- the region ur*de:: -pile o- £ 'P-'- - S- 

• These principles are npt independent; that iff, • some are consequences Of 
others. Other useful principles will- be introduced as need arises. The ■ 
following examples show how we can combine area principles with our knowledge, 
of particular areas to find other areas. 

*'\ ' ' . 

Example 7-2a . Find tlje area (of ifhe region ) under the grapn 01 

■ o ' 

f : x -» 1 * x + x , between a = 0 and' b = h 
We need to evaluate _ . 

' v ' „ \ . . . 

The function f can be expressed Vs the sum of the. two functions 

... * • ' ■ ■ 2 

•/ / ? 1 : .x -» 1 + x and f 2 : x -» x . 



Formulas (2) and '(3), give 



x 2 f X x 3 

, f = x 4- — and . \ f 0 = 

0 / f - . ' J O r - ^ 



s.o that vJith x. - k "we haVe: - - 



o 2 3 



■ ' *By "area under the graph" we . shall mean "area of. the region- under the ■■ 
.graph," as described' in the opening paragraph of this seet.Lon. . ' 



The additivity principle (10) then gives 



6k loo- 
+ ] 0 f 2 = 12+ T = — 



Example 7-2\> . , Find j f, where 

. 2 

•. f : x -> 5 - ^ +' ? x • 

We 'seek to find the area of the region bounded by the graph of f , the 
x-axis and the lines x « 1, x' - 5- Let us first graph the function f . The 

f 5 ' > 

integral M f is the area of the shaded region of Figure 7-2g. . . 




Figure* 7-2g 
f : x ; -».5 - x + 2x^ 



limit 0. We have « . 



To calculate ' \ . f we .first' express it in terms of integrals with lower 



*5 



1 • ' 5 

f + I f 

0 Jl 



\ , 



so that 



7n) 



Now we write 



f - \ f . 

10 * Jo 



.f x (x) =/5 - x. a 



nd f 2 (x) = x y 



566- 28 



so that with' f = f r "+ 2f 2 , (8) and (lo) give. 



5 f = A 5 + 2 \ 5 f 0 ; \ f— I 



to 



• 1 



' f i + 2 



The results (2) and (3) give- 



' x i x 2 



Therefore, weT have 
1 ■ f5 



5 f - \ f 

10' Jo • 



(f 



f l. + 2 V n f 2 
0 JO- 



272 

3, 



* Exampfe 7-2c . Find the area , of the region between the graphs of the. 



functions f and g defined by . 



\ 



f(x) = x - 6x+ 7 and g(x) = -x \ lx - 11. 



~ ' Figure *7-2h indicates the region whose area is sought (The points of inter- 

r ■ • 2 2 - \ 

section are found by solving x jf-'. 6x +" ] = -x + 7x - 11 for x) . 



y n f (x) x - 6x + 7 




y = g(x) = -x + 7x - 11^ 



. : . Figure 7-2h 

A and B are, respectively , ' the"* minimum of' f and 
maximum of g, while C and D are the points of, 
intersection. 
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2<J 



At this early .stage in our development we solve this ^problem by using 
formulas .(2) and (3). and various area principles-. First we choose new axes. 
so our curves wi^l be in the first quadrant and our integrals can be taken 
with lower limit 0. One way to do this is to choose our vertical axis through 
C 'and horizontal axis through A. (See Figure 7-2h.) Call these the s and 
t axes, respectively. Thus, 



s = y + 2, 
t = x - 2, 



y 

x. 



s - 2; 
t + 2. 



For the graphs of f arid g we obtain the new equations 
- \ s - 2.= (t +' 2) 2 - 6(t + 2)- + 7 



-(t + 2) d + 7(t + 2) - 11, 



which are respectively 



s = t 



2t* +■ 1 and 



2- 



+ 3t + 1. 



Our desired area is' the difference of the areas jof the shaded regions shown 
in Figure 7-2i. 





• f3 13> 


3 = -t 2 + 3t + 1 














• 


Region a 


2 




Figure 7-2i 

The negative signs in these expressions causes some difficultie^ in calculate 

ing the desired areas. We could resort to approximations by upper and lower 

sums (that is, use the formula of Exercises 7-1, No. 6). Instead, let us 

continue using area principles to reduce our problem to. the known integral 

forms of (2) and (3). First we find the area of a. We replace s by -s 

* 2 »■ 

to. obtain (a reflection in', the t-axis) the graph of s = t - 3t - 1 

* . 

(Figure -7-2 j). ■ ' 
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r 



■Figure 7-2 j 



0 



^ Figure 7 -2k 

Now replace s by s - 9 '(which shifts the graph 9 . units upward) to obtain 

s = t 2 - 3t + 8 (Figure 7 -2k) • 

The area of a is then the same as the area of .the shaded region of Figure V 



7-2k, and we have 



area of a = 9 X - 



'5/2 , 2 

s, where s = t - It + 

'o 



Thus, the additivity principle (lo) can t be applied to obtain' 

'5/2. ' f5/2 



area pf.a = — 



where 



2 

^ - t and s 2 - -3t 



^ 5 



since each of these functions is nonnegative for 0 < t ^ ^ and s = + 
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f J j * 



\ 

We have ^ 

3 



'5/2 . . 
0 



so that 

' ' ' ^ • U5 /125 ' ..85^- 22 

area of a = - C-glT TF T * 

A similar calculation gives 

35 ■ ; 

.. , ■ area of P = ^ , ^ 

0 \ « 

where 0 is the second region of Figure 7-21. The area which we seek is 

. ^ ■ 125 ' 
, ■ " ' i* area of a - .area of P = -^j" - 

In Section 7-5 we shall develop methods'^hich will simplify' this problem con 
- siderably. 



3^ 



5tV) 



4 



\^ • Exercises 7-2 

• 1 * 2 
1. Suppose f : x -* x , g : x -»2x + 3-~ 

(a) # Graph each. 

:^%h) Show that f(x) < g(x) for 0 < x < 3. 

f3 f3 
(c) Show that I f < 1 g. 



J0 J0 ■ y 

2. Over tlae indicated interval for the following functions: graph .the func- 
tion; find the maximum (m) value of the function; find the minimum (m) 
value of the function; and, using these, express with^ an inequality the 
lower and upper bounds of the integral expression for the area. [Hint: 
See Figure 7-2c..j 



(a) f : x -» x + 1, 0 < x < 1 

(b) f : x -> x 2 - 2x + 3, 0<x<3 



io fio 

3. For f : x -» 3x - 2 and ' g = -/S t find \ f,. I g and verify that 



5 J5 - 



*10 fio - 



J 5 J 5 

i*. For f : x.-» -2x + 20 and g : x -> -2(x - h). '+ 20. ' 

(a) Find a suitable translation such that f(3) = '&(o) and f(7) = g( 1 *)'. 
^ Graph' f and g. 

(b) Find \ f, \ - g, - \ f and verify that I f f + I g. 



\ 



Jo Jo Jo 



0 



7 f 3, n 

Thus I f = \ f + \ f- 

JO JO J 3 ' 

5. For f : x.-»3x + 5> g : x -» x and h : x 1 verify that 

f = 3 \ . g + 5 \ h by using (l-)— and— (-2) to find each integral: 
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Find each of the following integrals,, .ader first graphing the given 
function over the interval. . • 



P 2 

1 x. + x 

J 1 . 



(a) 

f U 2 

(b) x - 1+x + 5 

W. 1 

(c) \ -x 2 + 2x + 3 

i • ) 

(d) \ x 2 + I x - 1 / 

Suppose f :. x -> px 2 + qx + r where p, q and r .are nonnegative 
constants . . * 

(a) Put. F : x ->£-x 3 + | x 2 + rx and -sho^ . that F» '= f . ..." 

(b) Show that if 0 < a tf.b then 

is ; 

Tb- 



S f =^F(b) - F(a) 



(Hint: \ f = \ f - L f ) • -.. ' 

3 

In Exercises 7-1, Number 2 it was shown that for f : x 



1 



f = ^ for x > 0. 



, ; Suppose! g : x - px 3 +. qx 2; + rx + *T, where p, q, r and s ar^ nonnega- . 
tive constants. Suppose also tjpat l* ■ 



G : x'-*| 



(a) Show that G T = g • ' r • 

/ fb 

(b) Show that if 0 < a < b then 1 g = G(b) - G(a) 



i a 

"b 



. , In Number 7 put • G(x) = F(x) + 1000 and show that \ f = G(b) - G(a) 



34' 



57.2 ■ 



f5 

10. Find \ . f where f : x -> |x - 2|. 

JO 

. (Hint: A graph is,' of course, helpful.) <• 

11. -For f : x ->x 2 , show^Ebw to find \ f. 4© 

J -10 . 

(Hint: *_Translate«along the x-axis using g(x) = f (x - h) for some h.) 

12. Verify that Number 7(b) still holds'*^ a < b < 0 or if a < 0 < b. 
(Hint: \jse a translation.) 

13. Suppose a < q < b and that 

h(x), a < x < c 



f(x) = 

0 • , c < x < b ! 
( 0 , a < x < c 

1 h(x), c < x < b! 

Show that f + g = h and use this to show that (9) is a consequence of 

M10). 

it. Find the area and graph of the region bounded by f(x). =- y = 2(x 5) -'2 
and y = 0. (Hint: Translate and graph the area into the first 

r x ; « 

quadrant. ) * 

2 • ' 

15. " Find the area of the region bounded by f(x) = y = -(x + l) +1 and ■ 

g(x) = y = x. ^ " ■ ■ 

fx 

16. Suppose A(x) = I f, where f is nonnegative. ^Show that if.*. 
*a <x. <x- then A(x. ) < A(x 0 ) . (Hint: Use (h) and (9)) . 



\ 



< 
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. Exercises. 1-2 

Find the area of the regions represented' by the following integrals;, 
where f " " v " 

(a) A (3) 




(b) A(2) = 

JO 

' ' f3 , 

(c) Find the, area represented- by f by use of the relationship,' 

"v-pv / . 

0 JO 

(a) By dividing the interval • into^appropriate subintervals, find the area 
'• ' over the interval x = 0 to£ x = 2 'under the graph of the function 

£ : xs -> I x - 1 1 
■ '• . , ^ 

by use of integration. •■■ , ' 

(b) Sketch the graph and check your solution -to part (a) by geometry. 

■• j 
k - 

(a) Find .A<2) if f : x x . ' • . 

(b) Using Formula (8), find the. area, over the same interval, under 
. ' the graph of the following functions: 

,(i)' x ->|x U - # (iii) x -^ 5x U '. ' / .:: 

(ii) x ->%y h " /(vo x -* 10xh ; 

Over, the indicated interval for the following functions: find the 
maximum (M) value of the function; find the minimum (m) value of 
the function; and; using these, express with an inequality the lower . 
•and upper bounds of the integral expression for the area. .. 
~*LHint,:'* See -Figure 7 -2c] 

( a) f :- x — > x > 1, 0 "< x < 1 , 

(b) f : x -> x 2 - 2x f 3, . 0 < x . < 3 . - . 

Given: f :' x -» cos x, where 0 < x •< | , and the corresponding area 
- function A. : x ->.sin x, where 0 < x < | . ~ 

fa} Find the area of the. region bounded by the graph of . f , and the 
. coordinate axes. 



What value of. a will make the vertical line x a divide this" * 
region into two equal parts? •■ 

If this region- (of part (a)) is divided into three-regions of equal 
area, by vertical lines,, what are the equations o'£ Lliese lines? r 
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7-3- 



The Fundamental Theorem of Calculus 



In Section 7-1 we found some formulas for the area of the region in the' 
first 'quadrant bounded by the graph of a function f ,J the x-axis, they-axis „ 
and a second vertidal\line, x units to the right of( the origin, such as that 
shown in Figure 7"33- . " • 




Figure 7-3 a 

Area Under, a Graph • 

Calling the indicated- area A(x) ' we obtained a function x ->A(x), which 
we called.' the "area function." Using the integral notation we have 



A(x) 



The. results. .obtained in Section 7-1 can be tabulated as follows: 





Function 


Area function- 


Derivative of area function 




f . *, 


A 


A' 


X 


-» c , 


x -» cx 


x -> c 






2 




X 


-» mx + b 

\ ' ■ 


nix . , 
x -» — ^— + bx 


x -» mx + b 




2 


. x 3 - 


'2 


X 


-» X 


x 


x -> X 



It is impossible to miss the similarity between the first and third 
columns of this table. Since these two columns are identical except for 
heading we are practically compelled to suspect that there must be some rela- 
tionship between f and the derivative A' of its area function A . ' We con- 
jecture: 



(i) 



If A is the area function associated with a function f, 



then A' 
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38 



to'es^abl 
Dve this v 

(a) f is an increasing function; that is, v 



In order to'esxablish this- result we heed some. conditions on the function 
f . Let us prove this with' the following assumptions on. f: 



(2) f(c) < f(d) if 0 < c < d, 

(b) the graph of £ has no "gaps 11 .for x > 0. 



These two conditions imply 



(3) 



If x > 0 .and c is close enough to x then 
f(c) is close to f (x) . • 



This result will be established in the appendices. As it seems plausible we 
shall assume .it to be true at this point. (The same assumption was used for 



e X in the discussions of Section 6-7) • 



.■/• ■ 



is small then 



In order to prove (l) we wish to show that if | 

a(x + h ) - a(x) - a f( : ); ■ 

that is, the slope of the line connecfing P(x,A(x)) to Q(x + h, A(x + h) ) , 
approximates f(x) for |h| ■ small. Since this slope will also approximate 
A*(x)y the slope of the. tangent line at P(x,A(x)), we shall then know that 
A»(x) = f(x). (See Figure 7-3*0 ' ' 

* y= A(x) : * . 




e slope of the tangent 
at P is approximated by 
the. slope of PQ 



x. + h 
Figure 7-3* 
i . Graph of the Area Function. 

Let"- us first suppose that h > 0, so that the graph- of f is something 
like that^shown in Figure 7-3c. The two quantities A(x) and A(x + h) are 
the areas of the regions .bounded by- the y-axis the x-sfxis, the graph of fi 
and the vertical lines which are respectively x- and x + h ' units to the ■ 

t ' 
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') 0 



right of the origin. Hence, the difference - ' 

A(x > h) - A(x) ■ 
represents the area of the shaded region shown in Figure 7-3c. 

y 




A(x + h) - A(x) = Area of the shaded region . '. j . 

, Since we have assumed that f , is increasing, the shaded .region of Figure 
7-3c includes the smaller rectangle TUWV and is included in the. larger rec- . 
tangle RSWV. These rectangles have base length h and the respective heights^ 
f(x) and f(x + h) . ■ . Thus ^ r ' ; 



hf(x) < area of shaded region < hf(x h) *, 



-A 



.that is, 



hf (x) < A(x | h) - #(x) < hf (x + h) . _ J 

This inequality used the assuJPUon that h > 0. If we divide-by fi we obtain 



. f(x) < \:\ 'tix\ v. 



Here is where we use (3)', for if h is small; then is close W x so 

that f(x+H) is close to f ( x) . Hence, if h is small , and positive then 

A(x + hV - A ( x ) z f (x) - . . ^ 

. ■ • . h , • , , 

Comparable arguments will give the same result. if h.< O, so that, indeed 
A» = f, -if the asS&ptions (2) hold. We can, of course, replace\he assump- . 
, tion that f- is increasing by the assumption that f is decreasing. This 
' will invert the inequality signs 'iri (U) but not change. the conclusion. 

In the above proof we used the fact that 

" ■* A(x + h) - A(x) ' 
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is the area of the shaded region"sho*n in Figure 7-3c -'This will also be true 
if the. lower limit -is taken to be any ntynber a < x. In other words, if we 
put ;• 



A(x) 



k This represents the area of the shaded region shown in -Figure 7-3^ . The 
f erence . 




x x + h» 

Figure 1-$$ J" Figure 7-3e 

• A(x + h) -A{x) ' - 

will "be- the area of the darkly shaded region shown in Figure. 7-3e. 

■Assuming that f is increasing- for x >a we could repeat the foregoing 
arguments to conclude that - 

f(fe <M* + h)--A(x) < f ( x + h ), if h >0 . .. • 



and 



: . f(x) > A(x t h) - A(x) >f(x + hh 



if h*<0. 

y : . • 



If we assume that the graph of - f ' has no- "gaps" we thus arrive at the result 

■ T 

' A(x + h) - A(x) m f ( x) | h | u snaJ 3_. . 

and hence conclude that A f = f. 

* This fact that the derivative of the area' function is f will be referred 
to as> the Area Theorem, • . 



This is also sometimes known as the Fundamental Theorem of Calculus, a 
subsequent theorem which can be established analytically without area arguments 



'AREA THEOREM . Suppose f is nonnegatiye and increasing, on the interval 

r " * a < x 5 b and th ^ thc? s ra P h of> f has no "e a P s *" ?or each - x ln 

this interval, if we put 



.AO 

then ' " A'(x)= f(x). .. ; ■ . 

• / 

" The same result. will hold if f is assumed to; be dfe creasing on the 
interval. In the appendices it will be shown that ..the theorem remains true 
' if only the ' continuity condition (3) holds . </ ;i ■ 

. '.The : Area Theorem doesn't -ye* 'tell.' us how to find the area function 
x ^>A('x)> it only teUls. us that the derivative ( A* must be f. Consider, 
for example, "the problem of finding the area function .. 

. r x v . , 

(5) - . A(x) = \ f, for f : x -* x 3 . 

We know that the derivative of. ... 

x -> x 



.is the function' x.-*Hx 3 , so if we divide by ... h then the ' derivative of 

x -* x 3 . 



'* -1 k . ' 3. 

x — > ^ x is x_^ x 



: *Thus a good candidate for ■ A is 
J- A : x -* ^ x . 

-Note*, however, that the derivative of . 



X -> T" X +10 



is also x ->x 3 . In, fact, if C is any constant then the derivative of 

1 h . „ , 3 



X 



► jj- x + C is x -* x , 



so that any function of tiie type x ^ \ x k + C is a candidate for A. For- 
tunately, there are no other^.pbssibilities "for. A.- This is a consequence of 
the following theorem. ■ • 
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THE CONSTANT DIFFERENCE THEOREM* If. O 1 (x) =F'(x), a < x < b, then'ther'e 
• is a constant C such that 



G(x) = F(x) + C, a < x < b. 



■ W 



Proof-' A rigorous proof of 'this* result is surprisingly complicated, making 
use of the fact that the- real line has no "gaps." (See the. appendices .) We 
give here an intuitive argument. 

Put C = G(a) - F(a), so .that the graphs. a of y = G(x) and y •= F(x) "are 
C units apart at the point where x = a. Since G 1 = F», each graph is 
rising (or falling) at the same rate at each point and hence the two graphs 
must remain C units apartr(see Figure 7-3f)> that is, ■ ■ 




. a . . .x* -. ■ 

Figure 7-3* ^ 

' Consider again the problem, of finding the area function of (5); that is, 

*: ■ ,% / fx ' 

A(x) f, where f : x -» x J . 

/ JO 

We noted that if F| : x -> 5 x\ then F f = f . Furthermore, t.he-;Area 
Theorem' tells us that A f = f . Therefore, the Constant Difference" Theorem 
tells us that there must s be-a ' constant C such that 

A(x) - F(x) + C 



*For ease of reference we have given this commonly untitled result a 
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To determine C, we need only calculate A(.x) and F(x) for one value 
of x, say. . x - 0; A(oV= F(0) + C, so C = A(o) - F(0) . Recall that \ 



> V' A(0) \ 
J<6 



I 

f = 0.' 



(See (7) of Section 7.-2.) Note that ^(o) = 0. It must, therefore, be true 
that C = 0, so that .A and.F: are the' same function; that is: 



if f : x ->'x 3 



.. i u v .f x . 

, then T- x = \ 'f . 

* Jo <■ 



The following theorem summarizes this method tor finding area functions. 
This theorem is generally referred to as the Fundamental Theorem of Calculus 
and provides a ba^ic technique for calculating areas by using antiderivatives 

THE FUN EA MENTAL THEOREM OF CALCULUS . If. f is nohnegati^e, increasing and 



its graph has no gaps on the interval a < x <b," and" if F is any 

ive is . f on this interval 
v 

f = F(x) - F(a) , a < x < b. 



function whose derivative is . f on this interval, then 



Proof. The area function 



A./x) - | X f 

a 



is a function' whose derivative is f (from the .'Area -Theorem) . Furthermore, 
A(a) =0 so that '•■ " : . * - 

\ f = Hfx), t A ( a ) . •* 

The idea now is to show that if F* • = f , then 

. ' .F(x) - F(a) ^ A(x). - A(a) . * 



1 Is i nee the functions F and A have the same derivative f the Constant 

es that the'r.e is a constant 

A(x) = F(x) +. C, a < x < b. 



Difference Theorem implies that the^r.e is a constant C such that 



*It- relates differentiation aihd integration. 
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A simple calculation, then gives 

. % . ' / % A(x) - A(a). = (F(x) + C) - (F(a>.+ C) 

= F(x) - F(a). 



Thus we indeed have . 



F(x) - F(a) = A(x) - A(a) 



Remark ." This theorem will s^ill be true if '„ f '.is assumed to be decrees- . 
<£ng on the interval, for the Area Theorem will remain true and the above proof 
can be repeated verbatim. The theorem is easily extended to the case when the 
interval can be subdivided .into smaller intervals, on each of which f increa- 
ses br ..decreases. For example, suppose that F» = f and that f. increases . 
for.., a < x < c and decreases for .c < x < b. ..(.See Figure 7-3g0 Now recall, 
that " 

'and apply the ^Fundamental Theorem to each term to o&DiTn 

j'f = F(c) -F.(a)* = F(b)'-F(c). 

' ' ' v" . 

When we add the two integrals the term F(c) drops out.. 

„ v, " ' ^ ' 

We have 




b. 



f = F(c) - F(a) "+ F(b) .- F(c) 



F(b) - F(a) 




Figure 7-3g 

Area of Shaded Region .= Area of A + Area of B 
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Example 7-3a . Find A(x) = u f, where f : x -> e X . 

JO 

.• 

We know that f 1 = f . .The Fundamental Theorem then, gives: 



A(x) 



f = f(x) - f(0) 



x 0 
e - e 



Example 7-3b Find A(x) = \ f, where 

12 



The 



derivative of x -> x^ is x -» 5x^ sq/that the derivative of 



The Fundamental Theorem gives: 
A(x) : 

Example 7~3c . Find 

- The sine function F : 
The interval can be subdivid 




: x -> x 



= F(x) .- P(2) = ix 5 - 



where f : x -> cos x . 



->.sin x is a function whose derivative is f. 
.two. subintervals (namely - < x < 0 » 



and 0 < x < |-) so that, f /increases on the fipst subinterval and decreases 
on the second interval (see Figure 7-3*0.. w e can,' therefore, apply the remark 
following Fundamental Theorem to conclude that 

f*/2 



-*/2 



f = F(|) - F(- |) 



= sin | - sin(- |) 
= 2.. 
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: M ) Figure 7-3** 

c »- " "7 • • . 




Exercises '- 7-3' 

In Section 7-1 we obtained the* estimates 

3 3 3 3 3 3 

3 2n ^2 < A w ^ 3 2n + ^2 



6n 

for each, positive integer n, where 

" fx 



6n c 



A(x) 



f ; £ : x -» x 



I 0 



Average these to obtain the general estimate 



A(x) « \ + ^ 



Use this estimate for A(x) -in order to calculate, approximations of the 
following quantities when n =10. ^ » 

(a) A(2) ' . 

\ (b) A(2.l) 

( c ) A(g-l) --A(2) ' 

6 ' 0*1 ■ 



A(x > h) - A(x) 



for general positive x, h. 



(e) Let h approach 0 in (d) and use this to estimate A f (x). 
: Suppose .:,,f< f ,.-ls increasing and nonnegative for a <x < b. Show ttoat . 

^b 



.;. a) < \ f <f(b)(b-a), 



'.if*:.: 



- •• ••• ■ 

Suppose : f -> x -5^1^;^r 



• (a) lim:: 

l&V- h 




(b) lim vT' I-:.-v::-r-'>-;V 

- ? . - • h -» 0 h .«^*^ 

■(c)' Did you need to calculate 
Explain, 



1+h 



f in order to answer (a) and (b)? 
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Suppose F(x) »• I f, where f : x -»x 3 



(a) What is F^2)? 

(b) What is F f (3)? 

(c) Did you need to find an a nti derivative for f in order to answer 
■ (a) or (b)? 

Find the derivative of each of the following functions F. 



(a) F(x) = J* f, x > -1; f : 



k . 2 

X -* X + X 



x ^ 

(b) F(x) =1 f, x > -100*; f : x -* sin J x 

J -lOOrt 

(c) F(x) = | f, x >| ; f : x -> e sin x 

J 5/2 

100 

f, x > 0; f : x -»x 

0 

Suppose f : x -» ^ and 

(a) What is F(l)? G(2)? - * 

(b) What is ,F»(x) - G f (x), x >2? . 

' f2 < 

(c) IT a = \ f, what is F(x) - G(x) equal to for x > 2? 



F(x) =. \ f , x > 1; G(x) = I f , x > 2 



Find f f and g* when 

(a) f : -x -»x 2 - x + 3 t \ - / 

2 

(b) g : x -* x - x + 18 ■ . 

(c) What is the relationship between your answers to (a) and (b)? Why? 

. . 2 

Find two distinct functions g . such that g f is the function x -» 3x . 

How are your functions related to each other? / 

/ 
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9. Find" the area bounded by the coordinate axes, the line x = 2/ and the\ 
graph of the function f, where 

<fc ... 

• 2 ' 

. £a) f • : x*-> x. 

,(b) f : ,x -> 2x + 1 

(c) f : .x -> kx + x 

2 - ' _• " 

10. (a) Sketch the graph of f K x -> x + 1. . 

.(■b.) Mark the region bounded by this graph, the coordinate axes, and the 

line . x = 1. Find the area of'this region. ■ 
(c) Mark the region bounded^by your graph, tne coordinate axes, and* the 

line x = 2. Find the area of £his region. . 

■ (d) Mark the region bounded ,by. your, graph , the x-axis, and the lines 
x = 1 and x = 2. How 'is this region related to the regions you 



ma 



rked in (b) and (c)? Find its area. 



11. (a) Sketch the graph and find the area bounded by the graph of 

• . f . : x -> 16 - x , the x-axis, and lines x = 2 and x •= 3- 

'(b) Sketch the graph and_find the area'bounded byr the graph of 

f : x -> hx^' - x, the x-axis, and the lines x = 1 and x = 2. 

12. For each of the following functions f ' find, a function F such that 
F».= f* Then use the Fundamental '{Theorem to evaluate the given integral. 
(You will' need to recall your differentiation formulas in order to con-* 

■ struct . F) . 

(a> f.:x->x 6 , [ 3 f {' (e). f :'x ->e X , 

(b) f : x ->x b + x, \ ' f (f) f : x -> e 5x , 





(c) f:x->-, \ f ° .(g) f:x->sinx 



(d) f : x '-> — -, I f (h) f : x^sin 2x, 



13. For f : x -» fx - l) 2 show how the interval 0 < x < 3 can be subdivided 
so that on each subinterval f is always increasing or always decreasing. 
Give a sketch* « 



ikf For the function of Number 13>% 
. (^<^find F so that F» = f- ' 

"3 









find 













f . by using the Fundamental Theorem. 

0 

15/ (a) Find two different functions g such that g 1 = f, where 
f : x >-* 6x + 2, and for each of them find the value .:Of 
. g(2)' - g(0). . ; ' • ; 

(b) What is the area bounded by the coordinate axes, the graph of 
.'.■*' f : x -* 6x 2 '+'2, and the line x - 2? ■ 

' . l6. (a) Find two ; different functions g such that g 1 = f where 

% f : x -* Ux + 3, ' and for each of them find the value of g(2) - g('l) 

• (b) What is the area bounded by the graph of f : x t» hx + 3, the. 
x-axis ^ and the lines x = 1 and x = 2? 

17. If g and h are two different functions such that g 1 = h f , what is 
.... t> . 

the 'relation between the number g(5) - g(3) and the number 

lt<5) - h(3)? . 

"^2 

. 18. Find a function . F such that f 1 : x x • - x and F(o) = 0. 
How many such functions are there? 

* ■ o '2 

19. Find a function- G such that G 1 \ x . -> x" 5 - x and, G(o).= 1> 

'(Hint: How will, G j be related to the function F of Nj&. 18?) . 

• ■ 8 \ • ; : : ' ' ' ? x • ■ ; • 

20. Suppose f is nonnegative and increasing, that A(x) ='\ f and that 

!a < c.< d. . . 

(a) Show' that A(Sl±A) < A (c) + *-L± f(Z±A) 

^%v\ • c + a 

£>. " 0 1 (Hint: Graph the. areas and write A( — g — •) = A(c) + 1° f 

and use No. 2.) 

(b) Show that, A(*4-£) <A(d) - {*^-°)t(l±A) ' 

\ (c) 'Deduce from (a) and (b) that A(^-±-£) < A(c) \ A(g) . 
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Calculating Areas 
Suppose we wish to. find 



that^is, the area of the shaded region shown in Figure J-ka, 




Figure 7-Ua 



Area of Shaded Region 



The Fundamental Theorem of Calculus gives us a means for doing this. \. 
Suppose F is a function whose derivative . is f.- The Fundamental Theorem then 
tells us that 1* 



.(1) 



f = F(b) - F(a) . 



(Of course, ' we are assuming that f satisfies the conditions of the Fundamen- 
tal' Theorem, or the remark following the theorem.; 

In this section we shall' introduce some further notation- which .is useful 
in .finding areas and indicate^ some of the ways we . can use (l) . A more • system- 
atic discussion of the use of (l) will be given in Section 7-6. . * 
' % It is convenient to have a notation for the integral in terms of the . * 
expressions used in defining the function^f . A common" notation for , 



fb fb- 

l f is \ f(x)dx. 



The symbol c "dx M is a single symbol, meant to indicate that f is to be 
taken as a function of x- For example, 
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(2) 



\ x dx> 
J a 



b ' 2 
means j f , where f : x -> x . 



■Of course, the letter x used in f : x -> x 2 is a "dummy" letter. " Any/ 
other letter not. already in use. will do just as well. Thus we could write f 
as 

V 

f : t -> t 2 or f : ^ -> ^ . 
In these cases we would write (2) as 



t dt or 



* 2 d* 



A function F whose . derivative • is f is often called an antiderivative 
(or indefinite integral) of f . It is also common to use the notation 

b 



F(x) 



for F(b) '- F(a) , 



The Fundamental Theorem of Calculus is. of ten stated in the form: 
(3) • 



fb 




b 


\ f(x)dx 


= F(x). 


= F(b) - F(a),. 






b 

* 


where F is 


an antiderivative of f . 



For example, since the derivative of 

x -> - x J is x -> x % . 

we say that x -> ^ x is an antiderivative of x x and write 

,f b 2, 1 v 3 b 3 a 3 . 



Example 7-ha.' Find 1 t P dt 

First ve find an' antiderivative Of t -* t . Differentiation 'of polynom- 
ials reduces degree by one/ so antidif f erentiation should raise' degree by one 
If we recall that the function 

° ' ■ 6 "',.>■•• 

t -» t ■ ' 

has derivative t -> 6t , we can see that ' ' 

' 1 + 6 " ' 



is the antiderivative of t -» t . Therefore, we have 



"5 1 6 

< dt = z t 



k k 6 I 6 1*095 



■ Example 7-^b . Find the area of the region, between the^tf^axis and one 
arch of the sine curve given by. y = sin'x. ' We want to find (Figure 7-^b) : . 



sin x dx. 



y = sin x 




* I it 



Figure 7-^b 



sin x dx = area of shaded region. 



, - The derivative of the cosine functiaja is the negative of.^the sine, func- 
tion so that ^ • . 
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is an antiderivative of x.->sin x; We have 



sin x dx = -cos x I = -cos ir + cos 0 
0 - lo 



> -(.-l) . + .1 v= 2. 



Example 7-kc) > Find 

p ■■■ ■ 



+ 2x + U)dx. 



. We couildfind an antiderivative of „ 

x ->x + 2x + k ' 

■directly and use ( 3) An" alternative approach (which -amounts to the same. •. 
thing) is to remember , that the integral of a sum is the sum of the integrals 3 
bo that' we can write ■" . j , - 

f3 2 '- fj 2 f3 f3 • 

(x •+ 2x + U)dx /} = fU* dx.+ 1 . 2x dx + 1- ^x. 

. v J o J o Jo - 




Dhe functions / 



have the respective antideyrivativ* 



x V> x , x -» 2x and x -> H 

V.. 




so we have 



2 



x 3 


3 . 2 .. 
■ + x 


3 ■ 
"+ kx 




0 i 


0 



• 1 

- j(3? - 0 3 ) +■ (3 2 - p 2 ) +" (It- • 3 - « : P) 



30. 



Example 7-Ud . Describe 'the area of the region .between the graphs of 
y = and y = ^Vx 'as the difference of two. integrals a"nd evaluate. 



5J3 



'.p ■ 



S ' ' ' A *■ 

A * *he are# of region .A in Bigure 7-^b £s 




0 



I* 



B 




* figure 7-^b # 



To find antiderl 
/x - x ' - and vx = x 



'Area of A =- Area of B - Area of C 

of x -> 3 Vx" and x V Vx, we "first write 



Area of 
Lvf^e •c 



a-1 



3 v£ = x 1 ^ 3 and Vx = x 1 / 2 and then recall the power formula 

Dx^ =. ax" 

Differentiation am6unts to. multiplying by .-the exponent and reducing the ex- 
ponent by. 1/ As was the case with our polynomial, (Example anti- 
•differentiation amounts to. raiding the Exponent by 1* and dividing, by the new 
exponent. Thus, we have . . 

' ■ ., x r> ^ x J and x - x . V 



as respective antiderivatives of x 
desired arefc is" o - 4 



3 Vx and x -* Vx/ Therefore, our 



"X~ 3 

1 

= *2 ' 



; Example 7-*+e . *• 'Evaluate 



J -«/2 



£ x 3/2 
3 



1 * 



-| sin x|dx. 



a- 
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In Figure 7-4c we indicate (by shading) the region whose area is the 
integral we wish to evaluate." 




■Figure J-hc ■ . ^ 

* We know that the area of region B is 2 (from Example. 7 -fo>). and we 
should suspect that the total area of regions A and B is . 3. We can con- 
firm this suspicion and .gain additional experience using antiderivatives.* By 
definition of absolute value we have- 
sin x, for Bin x > Oj 
-sin x, for sin x < 0> • 
we express our integral as the sum. of two integrals: 



J -it/2 



J sin x |dx = 




I sin x|dx + p I sin x|dx 



-sin x)dx + I sin x dx. 
0 



The anticjerivatives of 



are , respectively , 



Therefore, we have 



-sin x and x -* sin x 



x -* cos x ' and x -» -cos x. 



«/2 



sin x dx = cos x 



-«/2 



+ (-cos x) 



A 



cos 0 -cos( - |0 + (-COS Jt) - ( -COS 0) 
1 - 0 +i (-(-!)) (-1) . 



Exatople f-kf . Evaluate 



f(x) = 



fo f " 



)dx if 



for O < x < 1 



(2x - l) , for 1 < x < 2> . 



The area of the shaded -region in Figure 7-^ is given by 0 the fntegral we 



wish to evaluate. Note the break. in 
the graph of f at x = 1. In order 
to be able to apply the Fundamental 
Theorem of Calculus, we first break, 
our interval into subinter^als over ^ 
which the graph of ' f has no gaps:. 



f(x)dx = I ^* dx + V (Sx ' L) d> 



I 0 



I 0 



\> , — 
Aritiderivatives .for x -> v3* and 

x _> (2x - l).; .are respectively .-«? 

(Ctieck by dif f erentiation ~and see 
Exercises- 7-is No.*5)« We, therefore, 
have 



f|f6c)d X = ^ xV2 



(2x -M) 3 



_ 21/3 ♦ 13 ' 
" . ,3 ■ ' . 




Fixture 1-hd 



Exercises 7-*+ 



Find each of the following- integrals. 



(a) 



(x '+ x + 3)dx 



J. 6 

r ° ? 

(b) I Ax- + x + 3)dx 

Cc) 1 (x^ + x + ^)dx 
, *J-2 



"it 



(d)._^ cos x dx 

h r 2 



■4? 



(e) - Vx- 1 dx 

... ■ ' J 0 



(f) . 

(g) - 
(h) 

,(i) 



1 k ■ 

(Vx + -/x)ix 

1/16 



1/2 3x £ 



dx 



' -1 



-6 . ^2s 



(5x + x )dx 



i dx 



00 

(<> 
(m) 

(n) 
(o) 
(p) 
(q) 
(r) 



It 

J 1 

2 
■2 



n _ 
x dx 



x _ 
e dx 



(e X + l)dx 



-1 
% 2 



(e X + x)dx 



(5x +.'.3x + l)dx 



1 

*/3 
jc/6 



(sin *x t cos x)dx 
(e X + sin x)dx 



0 

3 
3 

10 

.10 



(x a + 2x +-5)'dx 



x^e X arctan (sin^ x)dx 



Sketch the regions bounded by. the x-axis, the .curve y = f(x) and the 
vertical lines x = a and x = b- Then find the areas 

(a) f : x -> x 3 + 2x + 1, a = - 1, b = 3 ■■ 

(b) f :x->e X , »a . = -1, b =■ 1" - ' 

x 2 

(c) f : x -> e + x , a = -1/ b = 1 

(d) f : x -> sin x + cos x, a. ^ 0, b = |- 

(e) ' f x -> 2x**' + -.cos x, a , = - ^ , b = ^ . ** 



-10 



(f) .f- : x ->x , a = -1, b = - 

(g) f : x 3 Vx^, a = -1> b = 1 



Sketch the region bounded by the x-axis, y = f (x) and the given 
vertical lines; then find its' area. 

(a) f : x -* |x|; vertical lines x = -2, x =.k 
(Check your result by elementary, geometry.); 

(b) f : x -» | Ux^ | ; vertical lines at x = -1, x = 3 

(c) f :. xV> I cos x |;: vertical lines at x = x - ^ 

( d ) f . x _> |I _ S in x|; vertical lines at x = -it, x = 2* 

( e ) : x -» |l - -/x|V vertical lines at x = 0, x = h 



\ k ' 2 k 

. (a) Evaluate (x 2 ■+ 3&) . and (x + 3>£ + 50) 



1 



(b) Suppose F(x) = G(x). + *log e (arctan 7) where F(0) = 1, F(l) a 

• " ' • I 1 . / 

Find G(x) , , 

,• ' f . 10 

.; (c) What; is. ,F.(x) 



b • . 

a . - 



b 

if ; f »" = G T ? - 
a .. . 



7 -*v 



-.Find an antiderlVa^tlye *fior ■ each *of the following functions. 

' (ii) f : x ^x 3 - 3x 2 + 3x - i v;' : ■; „ * 

//(HI) g : X ^8x 3 ; - 12x 2 + 6x - 1 . . ' • ^ 

(±v) G : x -> (2X - l) 3 " ■ 

■•-v ■ &i. [Hiht: ■ Try to put G in the form a(x - b) .1 . 

ft) ^gmpare the functions 'F with f and G with g. Compare the 

antiderivative^ . • 

ind an antideriva'tive for each of the following functions 

["■ ' ' . '• 

! — • -' f : x -*8(x + 1)' 

g :■ x -* (2x + 2) 3 . 

[ fl • ; , 
|Find \ (3x ■+ hy dx 

| JO ' • : 

"(a) - by first carrying out -,the indicated multiplication, 

(lb) .-by using the method found in Number 6. 

\ ■ 

A - • . ' "." ' 598 ' 



8. Which of the following integrals are the sa^he as 



t 3 dt1\ 



(a) 

00. 



. y 3 dy 



y 3 dt 



(c) 

(a) 



A 3 dA 



a 

*b+l 
■a+1 



''''' ' : ;' J -'I' -' -S' 



(t - 1) D dt; .^/-';<>' 



9 # Evaluate the following integrals using, a line of ' symmetry* ; a^^^6:: ; V - 



to the problem, [e.g., \ x d dx = 2 I x^ dx = | x'V.I; . K^H^ 

• J-3 Jo " ,: >^i>^'V:\v^ 





f */6 


(a) 


I ' . cos- x dx ' 


J-*/6 


(b) 


f 2 2 
1 (1 + 6x )dx 






(c) 


\ (x - l) 2 dx 




Jo 




f * 


(d) 


\ sin x dx .., 




JO 



10. Find tfcfe area of the region bounded j-byi 'the x-axis-'^ 

y f(x), and the given vertical- lilies . ' (SWetc'tt irs.t*) ' ■' ''/■'■':[ ' 



(a) 

■(b) 



f •: x'- 



f : x 



-x , * x. < 0 , „ • 
-x 2 + 2,'. -V <5 x, <7z 

x , * / 

• » ' or x •> 3. i ■■ 



vertiG'aX liftes ■ 



In Problems 11-12 .deduce part , (b*) - from' thd splutio^ 
each first.) "\ *' . '* ' ' '• ' '1 : ' '" ^'*' 

11." (a) . (i) Find- • 

(b) Find' the area of the: region ^ to^ , below 

by y = x 2 J to* the : lef^:. and to the 

right by the • vertical- line:, »x 1. ., f ; . / '[■• r - 



f: 



12. (a) (i) Find 1 (8 - x 2 )dxj (ii) 



2 2.. 
x dx 



J 0 



» ■ ■ 2 2 

(b) Find the area of £he region bounded by y = 8 - x and y = x . 

13.' (a) Find the solution of Number 11(b) directly without using part (a) 
of Number 11. 

(b) Find the solution of Number 12(b) directly without using part (a) 
of Number 12. . ■ 

lU. Find the area 'bounded by y. = sin x, y = cos x, x = 0, and x = ^ • 
(Sketch first*-) - 



m: 
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7-5 • Signed Area 

Until now we- have discussed the integral 



b b 

f or I f(x)dx only 
J a J a 



in cases for which a <b and the interval from a to b could be subdivided 
so that .in each subinterval the function f was nonnegative, always increasing 
(or always decreasing) and its graph had no gaps. We now extend our discussion 
to include situations for which . a > b or for which the graph of f may con- 
tain portions be!U>w. the x-axis , preserving, if possible, the result , 



r 



f(x)dx = F(b)- - F(a) if F'.=f. 



C 



This can be accomplished by suitably interpreting j f(x)dx as signed area . 

First consider the case for which f is nonpositiye'.on the interval-' •■ .*; 
a < x < \, ^.and ■ F 1 = 1 . In this case -f is nonnegative and has antideriva- 
tive -F, so that 

(i) 



-f(x)dx = -F(x) 



-F(b) + F(a).. 



This can be interpreted as'.£he area of . : the. shaded region, of Figure 7~5h- Note 
that this is the same -as the ar^ea of the shaded region- of Figure 7"5a« . 




y = -f(x) 



Figure '7-5a 



f(x) v 




If the- Fundamental -Theorem, is to hold we should have- 



f(x)dx = F(b) - F(a) , 



Referring to (l), we see that this requires that 



t> [ b ; •. 

f(x)dx -= - [-f(x) ldx; 
a J a 
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that Is \ f(x)-dx' must be defined as the negative of the area of the shaded 
region of Figure 7 -5a. 



. y = f (x) 




\ 



Figure 7 -5c 



11 Now suppose the graph of f looks like that shown in Figure 7-5c and 
that ' F' .is an antiderivative of f. We have > 

^ . r c i 

area of A = 1 f (x)dx= F^) - F(a) 
area of A = 1 -f(x)dx -F^). - F(c 2 ) 



area'"' of A = \ f (x)dx =-F(b) - - F(cg). 

.Now note that . ^ 

, F(b) - F(a) = F(b) - F(c x ) + F^) - F(c 2 ) + F(c 2 ) - F(a) ■ 

= [F(c x ) - F(a)] - [F(e Y - F(c 2 V] + [F(b) - Fte 2 )] 
.= (area of A^ - (area f Ag) v + (area A^) • 



In other words, if we wish. 



f to be F(b) - F(a) 



then we must have 

s: 



(area. of A x ) - (area of A 2 > + (area of A^) . 
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In summary, if a < b, F' = f and if we define I f by 
(2) p f(x)dx = F(b) - ■ * , 

then I f will be the total area of the regions bounded by the graph of f 



which lie above the interval minus the total area of the regions bounded by^S^ 
graph of f which lie below the interval This is called the ' signed aS^a 
determined by f on the. interval from a to b; 

It is also common practice to remove the restriction that a < b, by 

• •' '■■>•■ , ) 

• defining . . . 



a 

f ' if b <-a, 
b 



The fundamental relation (2) will still hold,' for if : b'< a and F f = f igien 



a 

f .= -[F(a) - F(by.-].' 

b. "... ■ 

F(b) - F(a). ' 



for signed area: 

(3) . . l b (f + g ) 



The properties of the symbol J | f ■ discussed in Section J-2 also hold 



a- 

fbi f b 

(h) y (of) - a I f, where a is any real number; 



fb r 

(5) 1 f = I f + 1 f, where a, b, c - are any real numbers'. 

Ndtiee, in fact, that (h) now holds without the restriction that g. be non- 
negative arid (5) doesn't require that a < c < b. 

Of course, if. a < b • and f(x)> 0. for a < x < b then 

' b J ': ' f - , ' ■ 

f (x)dx > 0. # 

a* 

One consequence of this is the fact thVt 



(6) - j f (x)dx < j g(x) 



dx if ■ *a < x < b and f(x) <*g(x) . 



For. we then have g(x) -,f(x) > 0/ so that 



r 



(g(x) - f(x))dx > 0. 



Adding |\(x)dx to both sides,, we obtain (6). 



' Example- 7 -5a .* Find- 1 sin x dx.-. 
' J -* 

This integral can be .interpreted as the signed area of the total shaded 
region shown in Figure 7r5d. Since the regions above and below the x-axis are 




i 



Figure 7~5d ; 
y- = sin x . ;■ 



the same, we should expect that the signed area. is 0V The defining relation 
(2) should corroborate our expectation. In this case 

.v . F : x -> -cos' x ' 

is an antide.rivative of x sin x, so (.2) gives . 

• t Tt 

sin x dx = -cos x ■ ■=: ( -cos *) - ( -cos.f -it)) 
.-ir* ■!-*■.'" 



(.(ol)V >/■(-(-!)) = 0. 



V 66 ' : . . . 



■~ ' ?■ Example 7->5h > Ske*tcti the, graph .of f : x -> I - x 2 for '. -2 < x •< 3. 




ERIC 



11 • • 

The function' F : x -*x - x is" an antiderivative for (as 



easily checked^ by showing that :.F' = f)-. We have ■ 



-l ; . r-i- P '3 •„-' 

[-f(k)]dx= . U - l)dx = $r - x 

-2 j -2 •'■ ' ,,* 3 . .. 



-1 



■ f(x)dx 



[,-f(x)]dx 



(1 •- x 2 )dx - x I ^ 



(.x 2 - l)dx = ^ 



= — ■= area of A^; 



= — - area of A^; 



20. • ' • ... A . 
— =. area of A^5 



The -fundamental, relation (2); -gives 
' ' ' P 3 



f(x)dx = F(3) : - F(-2). = x - -y 



20. 
•3' 



which is the same as' 



' , * '/■':.. « S ■» *U- 20 20 

-(area -of .A^ + (area of Ag) .-'(area of A^J = J 3. >"f* ; = "~ 



Example l-^>c . Find . 

We |iaVa 

A '" ;i V." ; 

* .. 7 1.. • ■' ■ r n 

P 



x .dx and 



x~ dx = 



3 ; •. : 
x . ax- ~ 



x dx . 



Bxampie>7-5d . ; Find %he area, of the region enclosed by the graphs of the 

."'','■»* 

tnod-f unctions ' '. ■ /. 

'\. -. • : f : x ->x~^-'6x and g\ x - A'-x : + 7x - ii,.- " 

; '-.^V (This is- the "same problem as Example 7 -2c;) A'Vskei.ch of the' region whose 
• c area is sought' is given in Figure 7.-*5tV , / ' v '* /. ': 
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TSfen we observe that ■• & " 

;Y (8T I > f(x)dx = -(area of. A^- (a^ea-of^A^ + (area^ff ' A^) , 



'where region A.; , is indicated in. Figure 7-W? v 

v " . ( 

" ; •■ ■ •-■•3& ' * '.''.'.•**' 'SB 

Subtracting (8)^rom (7) , w^ obtain ■« 



.4? *l 



9/2 , 



f(x)dx'= fares' of A ) + \ Tarea of A,), 



which is* the area we seek. Since £ ' 

( 9/2 



I * g(x)dx«- 



f(*)dx*= 



(g(x)*;-'f(x))dx,» 



we establish that J. (gfx) -*'s(x))dx determines the .area of the -region J 



.J Z.. .... .Hp - -. ... 

between the graphs of -g and - 'f-jp'-S simple emulation now gives 



9/2 ~ ■ ■ • ' ^ - f 9 ^(-2x 2 *4t* - l8)dx 



(g(x) -sf(x5)dx 



*:. | x 3 + ^^ l8x 



9/2.' 



125 



the same rg£ult'as that of Example 7-2c. , • ^ 



9 



ft 
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. " . . v . Exercises 7-5 • , ' ' 

■ * "* • ' ' ■ . • 

1. .'(a) Sketch the" graph of the, function ■ ; 

■ . 2 * * 

b . f : x -» x - 1, -1 < x < 2>. s . 

■ (b) Evaluate,. I (x - l)dx. - ,> *'»3 

.'• .*"' ' * J 0 - • 

* (c) Find the area of the region bounded by the x-axis-> and the graph 



>of the function, • x ->.x - 1, betwe-en the -vertical lines? ai? a x ='J0 



and x = 2. 




■ 3 J <» 

Si* 



2. (a) „ Sketch the graph of the function^ 



.■ f :;. x -> x - 1, |x I < 1. 



1" 



(b) Evaluate* r d 



J-l - 4 ' «■ • ' 

• * * o . * • . " • • • * • r. 

'(c).. ; Find the area of tfye Region between the graph of the function, 

. x -* x , " the x-axis, where ' |x| '< 1': \.* ** " ■• °- 



■ • (d)' Find <b (b > 6), if 



0 



yi dx = - ■ x J dx. Sketch. 



3. (a) Evaluate 



- (b) Evaluate 



x d^. 



J-l 

r i 



x dx. 



(&\ t Sketch and J-hen find the area bounded, by ^the -.x-axis, - |x|'-= 1 
p and y *= x . * * \ * *\ - 



(d) Sketch and then find the., area bounded by *the .x-axis, ' |x| *'= 1 



and y^^xf- 



-^Sketch, and the£ find the area c^f the regiorj bounded *by the. 'coordinate* . 
'axes and the curve . * Y-:- > 

' 'V v Vx + 

' ■ \ * ' - ■;■ .■ 

Can you identify the curve? ~*. ; 

' $ ■/ , " \' 

5- Sketch and rthen find the area of the region bounded by x =. k and . a * ' ' 
; .. 2 ' * » . ** : ' 

, . . • . - :. ' . ■ 

6. 'Sketch and then f i^d' the area^of the region bpunded by y = x^, y .= -2x^ 

"■••*'■, . • » ■ v " 1 ' *' •■ - * 

jbetween the: vertical' lines' x = 0 and x = 1. + ■ 



. V.' 
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Find the area of .the region boused by y = x -and x + y = 2, indicated. . 
in the figure above* . ^ / 

(a)° For .the first method divide "the- required, region into smaller regions 
which* can, be evaluated as^fbllows: ". r ". : 



; A =f 1 Vx dx + T -(-Jx)dx +|" (-x +2)4x + 



\ A': 



A II + 



A lll'. + 



'[-(-vGT)]dx -1 T-(-x +2)]dx 
[ 



IV 



identify, tijis smaller region with their respective integral's. 
■ (h) Second, try* ffiViiing the required region intp- different smaller 
'■"regions whi^h" are evaluated as follows:. 



J..0 



vSc dx + 1 (-x + -2)dx + 

.0' J 1 



A x . 



[-<-i/x)]dx -' [-(-x + 2)]dx 
0 j. J 2 • • • 

[ . 




"y 1 • . z 

• 1 ■ Identify the. smaller regions with their respective 

(c) Show that the expressions of area in part (a) and part (b) may be 
simplified to the 'following statement. 

A = 2 f lv ^ dx + ^ f'( ~' A + 2 \ + ^ Jdx 

Can you point out the relationship .of this Expression for the area 
. •* and the f igure representing the area? ■ Could you have arrived at this 
expression without going through the smaller" sub -regions of parts'. ' . \ ; 
' -(a) and (b)? ' ' / ' 

(dj From the expression for the 'area. in part (c) find the area of the/ . . 
4 • region indicated: in the figure t- , , ■ • ^ ; 



6io 



"MS - 



8. » 



Express an integral represent- 
ing the. area of each of the 
following regions: (DO NOT 
EVALUATE.) 



(i) 



Region I: bounded by the 
x-axis and 

2 

y *= 2x - x . 




■ - (b) 



(ii) Region II: bounded by 

y = 0, x > -1, 

and . : 

2 

y = 2x - x . 

,. '* 2 ■ 

(iii) Region III: bounded by y = 0, x = 3, and " y = 2x - x . 

(iv) . Region IV: bounded by y = 0, y = -J, .x = -1, and x = 3. 

# •. *■ •+% 

Comb^ne*the integrals, of part (a) and show that the area of the 

• 2 r 
region bounded by y = 2x - x f and y = -3 . can be expressed by 



the- integral, 



) 



(2x r x + 3)dx. 



(c) 
9. (a) 



Find the area of the region described in part (b) . 

Find the area bounded only by the graphs of the functions ■ 

C : x -» cos . x ' * # o 
f : x -» rsin x 

if x is restricted to the- closed interval -* < «c Sketch the 



curves 


in this interval. 




) (1) 
•J. ' 


Evaluate 


COS X 


dx. 


(ii> 


Evaluate 


(-sin 


x) dx ^ 1 


(ui). 


"Evaluate ^ 


°(c'os x 

•' -« A . .. 


- :^Bln"'x)dx 



(iv) Interpret parts (i)', (ii), and. (iii) geometrically. 



i'.i 
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10. 



(a) Use- a geometric argumep^ to find 

f if f" isan odd -function (i.e.,, f(-x) = -f (*/)■ • 

-a 



a , a . . ; . 

f = 2| f>— tf f is an evep- function, '■(i.e., 
-a J 0 .* •■ ■ ■ 



11. 



(b) Show that 

f(-x) = f(x)).. ; . . ' : T. ,■/■.'■■/ ■■' v 

(c) Evaluate I ■ (x - 3x)sin x dx. 3 ■ J- ;../.. 

Show that if F r = f , G f = g, and f(x) < g(x) fpr v . a .< V ! < b -then 

, .. " " F(b) - F(a) < G(b) - G(a) . ,"; V^V'^'-. 



12. 



Verify (5)- (Hint: f = F(b) - F(a).) 



13- 



Suppose F(x) " = j f , where f : x ~* e 

(a) What is F(1)? 

(b) Find an expression for F(x) . 

(c) Use part (b) to find F f (x). . . . 



(d) In general, suppose/ G(x) = \ ' g 



il, s^uppoj 



.■' Can you find," G»(x)?' 



1U. 



(a) Find the area bounded by the x-axis and the Curve y 'r r'* >*. 
„ .Sketch. * . •' .. ' : ' ' r S : '.' 

(b) Find the area, bounded by the y-axis and 'the curve x =.'_y / - y..» 
Sketch. ([Hint:- "Note -analogy to part (a) .) '-. . " A" « V/ : . 



7-6. - Integration Formulas 



fb . ^ . 

We have seen that" the integral • f(x)dx can be pval\ia|!ed, .if 1 we can 

■ : - . , : •• . ': i. J a 4 . : / , { T:£\\V =V : ■ /; 

find a function F such that, F» = f, for then we have ' v\;.v "\ " : 

: •■. . • a*' 



v^: K J< • f(x)dx'= F(b) -\F(a), 



\ i-V." : ! In -general ;weUind; ; antideriyatives^y one or a combination of methods , 
•' ;• A- i4t]iqll ;''in^iyj cqn's'i s ^ . of re call i ngVa differentiation formula, judicious guessr . ." 
^i^,?^^ t^iis ^section we r e view - some of - : '} 

Vth'^ give /some ;.add it ional formulas and' discuss ■ 

h the upe of 'table? . ".Techniques for extending .the sfcppe of our formula's will 
, .(J^cUsse4. in- Chapter <?V- w&ere' we alsjo, "ddscuss . methods . for obtaining approxi- 
mate valued for Integrals. Other integration ^ethods.are discussed in the.,/i r 



r which is : .alsQ v calietf the* j^idefS^e, irvte^lf of* i\ % "This s 



v /similar r tcv 



symbol ;• is ~quite 



7. J f 



-the i.ntegraT ^ ! "f ' frorn^ a tq> ' b, Th^^mbol^^ . ^ ^ 



i defines "a function, namely,, ^ufeion||||^.el deri^a^^a. is f . 
symbol ' . .^j. ' ; ' y:, - y'-^f 

■ f ^represents a r 

« \by ; f '-between-; ■.a \.and ;/b.:/-./;\ ;. \'/* '* 'fjf* 

; * ...*■■■•- '•• ' ' .". v . . ■• *;*:"■ . ■ ^vw.'.' ' ■;■ ; - ; * «. 

; •- i; :rJ" -/^^J 



Th^ # secon^? 



■"9 



represents a number, which car be ^arite^preteQ as ? *he^ signed .area determined. 



v* 



Integration formulas", a re obtained by reversing the differentiation process, 

* • . ■ • ■ ■ • 

for „ 



■ 



f(x)dx = 'F(x) means- that DF(x) = f(x) 

For example, 



2 • x 3 . ^ x 3 " 2 

x dx = -y ' since D — = x , 



Of course, if ' C is any constant, we have 

■ ^'"^ * ' ' ■ x 3 \ 2 

* . ' v" ' D(y * C) = xV.. 

more precisely we have 

' x 2 dx = 2y + C 



In fact, we know from the Constant Different Theorem (Theorem 7-3b) that all 

2 ^ \ 

antiderivatives of x ,-> x*~ have the form 

^3 . - ' y 



x ->-4r +■ C, where C is a constant. 



. .. 

In some, books this f act \xc stressed by writing . 



(x)a». .= f(x) ^ c,^ L 



where. C is a' constant and : pH&V ' * = f(x) For convenience ^we f ollow the 
simple practice of ignoring " this ' constant Cf in our .formulas/, each, integra- 
tion formula .giving only one .function whose derivative is f, others obtained 
by adding constants to our antiderivatives.. 

:• • .:. . .. * ■ \ ' ■ ■ 

The Power Formula ^ 

Recall that if ' a .is any ' real number then ■ ■ 

, ^ "a, a-1. > " ' 

' : . Dx ■>= ax 



If a ^ 0, we can write *; 

■/! ax " • a-1 ;■ ■ . 

- D(- X- ) ~ X ,: ■ 



7 " .•■ '* . 



■so/that- x -»-'x a is a function whose derivative is x -» x 3 1 . This tells us ■ l 

a ■ t . . ; • 

that- - 

, La-l dK = i x a; if a t o/ • 

. For convenience we replace a . by p + 1, where ,p -is any real number except " ; 

p / -1, to obtain the formula- . ^ 

. .■ ' ■ " ■ 

x P+l v. 

xP dx = FTT ' p ^ ;:■ . * ' 

1 p / i i i 

In other words, an antiderivative of- a power function x .-> x , , p ^. -1', 
is:obtained by raising the exponent by • 1 and dividing- by the new exponent. 

Suppose p = -1,' then our function is . In Section .6-6 we obtained 

the-, formula ' . 

v\ • D log e x = \ , x > 0. „ ' . ; . ' : 

, This gives the integration formula / ' 

. l^.dx = log e x, x >. 0. .c .... ... 



•Circular and Exponential Functions ■ 



•'.From the formulas -\ 

■ D sin x =\cos. x;* D cos x - -sin x, '. 
we obtain the intJferation formula sX ' ' ■ " . 



\ COS X 



'dx = sin x; sin x dx = -cos x. 



Since " De - e , we have. the. formula 



;. It is a» simple matter to' extend thesfc, formulas to the case when x is 
replaced by the linear expression cx + d. ' For, example, we know that 

D,sin v (cx ; + : d) = c cos (cx'+.-d) 

so that - ' * 



c cos ( cx .+ d)dx = sin ifcx + d) . 



If . c -f 0, we can write 



cos (cx + d)dx = — sin (cx + d) 



Analogous differentiation formulas were discussed in Volume One 'for poly- 
nomial, exponential and logarithmic functions . In Copter 9 we shall discuss 
the formulas resulting from nonlinear substitutions. Here we state the genera 
result for linear replacements: . . ' 

; \- ; - ■ ■■ • < 



if 



then 



f(x)dx = F(x) and e £.0, 



f (cx + d)dx = ± F(cx + d) , 



For easy reference we summarize.' current results in Table 7-6. 



Table 7-6 ■■ ; 
Some Integration Formulas ' 



(i) 

(2) 
(3) 



• a+1 



— dx. ss log X 
x °e 



cos x dx = sin X* 



( k) | sin x dx ='■ -cos x 
(5) 



X , X 

e dx = e 



(6) 



f(ax + d)dx = - F(cx + d) 



4, 
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v X. 



•* "f3/2 , : - 

Example - 7-6a . Find I dx, 

*,■"■•• J 1 x ■ 



The power .formula (l), with . a «= -2,' • gives 



.1 
X 



so that 



3/2 x x 13/2 



— dx = 

1 x 



- \ 3- • V 3 



Example 7-6b . Find I Vx dx . 

■ - - ' J 2 " . 



The; power formula (l), with -a = - , gives 



i/x dx. 



l/2 _ • ' • 2x 
x ' dx = — 



3/2 



3; 



so that 



Vx dx 




l6> - 



Example 7 -6c . Find 



(sin x 7 -3 cos '2x)dx. 



We have, from ( V) and (3) ,. 



l san 
'1 . J* 



x dx = -cos x and \ cos x dx. = .sin x 



Replacing x by' viri "the letter and using (.6), we have^ 



cos 2x dx = 5. sin 2x. 



Therefore, we conclude" 



TO 



!': 



(sin x 3 cos 2x)dx 



r. 



sin x dx - -3- I • cos 2x dx 
1 JO V 



= -cos x 



Jt • v ' . lit- 

- g. sin 2x I 
0 10 



= -[cos.Jt - cos -D] •-. [|- sin 2it - ^ sin 0] 

-[-l - i] - [J • o -\| • o] '= 2: / 



Example 7^6d. Find 



2 .e X dx. 



-10*; 



We use (5) to obtain' 



2 e dx = 2 

10 j -119 



J -it 



X j ■ - X 
e dx = 2 • e 



-1 
-10 



= 2e' 1 - 2e-- 10 . 



Example 7-6e , Find^ \ 2 dx 



We first convert to base e: 



2 X =;.e CX , where c = iog e 2. 



Now. we use (5) to obtain 



X , X 

e dx = e . 



We rep£a-c^:^^.'by\ cx, so that, (6) gives 

-fVc- ^r. • '1 (^.^ 1 .cx 



e ■ dx = — e , 



where "c =. log^ 2. Converting to base' 2, ' we. have 



p x dx = f ) 2" 

' " ^ iog a J • ' 



618 



so that 



Example 7-6& Find 



1 2 1 - 2° 

o " lo e e 2 ; 



(x + l) 3 dx.V 



TP 



• We .can evaluate this integral in two., ways. First we expand to obtain 
so that" 

0 



+ 1>- dx» = 



•(x 3 + 3x 2 - + .3x ■.+ . l)dx. 



We apply 'the power formula (l) to. each term to obtain 



j , Vx + l)3ax= 4 + x3 + '3x!> x) 



,,_ = to];- [|. i + .I-i],= | ; 

~1" .'■» * 



■Alternatively we can recognize -that the. power formula; (l) gives 



. 3 , * l" k 
x dx = ^ x , 



and the linear substitution formula (6) gives 



(x + l) 3 o dx = J(x. + r) 4 . 



■' Therefore > we, conclude that 



(x + l) 3 dx'= £(x + 1)' 



-1' 



• -* 



1 ' 



^ The-lsecotid method is certainly quicker. 



.«5 



TBxgmpie 7-6gV Find I •: sin jtx.dx. 

••.'•'■.-■> • J o ■'. ■ 

'We /have not : yet obtained a' dif f er^ti^tjb^ formula ^hich results, in the 
square of the' ; sine" function. We use^he. f acV that . '". v , ' ' „■ \ 



'. 2 

sin rtx 



Thus, we have. . ' 



1- cos-grtx 



" ' sin' tt x jdx ~ \ \ to 



1 cos 2ttx\ ,- : 



J- 0 



o v. 



To evaluate this second integral, we -combine^ ^he cosine formula (3T\with- : 
• the' linear' substitution .result (6) to obtain - ^ **' " • 



cos(27tx)dx = 2^* sin(2irx). : 



We can write* 



2.ifx$d;» sin' 2jtx 



Since, the ^second rsAegral is.: 0, we ce. 

IT 



—(sin- 2* '-sin To). = 0. 
^it ; g' ■ . .. l 




„ Example . 7 -6h . - Show, that*the ' area* of the shaded, region of Figure 7-6a is 
twice that of -.the 'shaded region of Figure>/T^b,. \ ." 5 \ ' -f* . 



Figure 7-6a • 

Let a = 1 - dx and 

.;; . " J 1 X ' 

Formula (2) gives 



Figfre 7-6V 



— dx. We" wish to >. show that" ^-vfe. 1 



1 x .# 



3 



so that 



- dx = log e X ; 



if. 
4 



/ " * ' r .a : 



1 ' 

2 ■ 



log e .x 



~ dx- = log x 
x e 



Thus, we conclude that 



-log k - log 1 = log h; 
e e- e 



lbg e 2"- log 1" = log "2. 



a 10 <M 



log^2 log^ 



p\ log e 2 lpg e . 2- ? log e .2. 



'= 2. 



The Use of Table 



A longer table of integrals is . given i'n a separate booklet (Table 7), As 

■ 1 '4 • **■*"■ , ■ ■ ■ * •. 1 . r . - * • . • - • ■ 

more different iatfLon methods are developed, -we -sfcall hoy to construct th.es 

tables.' The, following examples make use of* these" tables. 



h*621 ; 



ERIC 



Example . 7-6i . Find 



f 1 : 

I a .xe dx. 

'Jo 



formula 16 of the tables gives" 



, x x 

dx = xe - e , 



that. 4^ J::, 



X j: . A.__X *_X^ /J 



xe " dx = (xe - e 

0 



0 



1 1% /_ 0 Ox 
(2Le -e ) - ( Oe - e ) 



Example 7-6j. . Find - L xe ■ dx; '. . 

. ' ■ ■ J o „ 



Formula* 16. of the tables g>ves v * Ixe* dx = xe X e X * We replace x by' 



3x .and use (6) to obtain 



x. 



so that 

•i: 



x e 3x - dx^i(3xe 3x -/e 3 *)' 



■3 



X = I^. :-e3) 4(00-- f^.l 

0 3 . ;■ , 3 •• 3 . .3 



Example 7-6k ., Find V ■ log (l + x)dx. 



W,e use Formula 7 of the booklet tables: d. log ' x dx =* x 'log* x- - ; .x 

w 1 r e , • 6 • 

Peplaoe- x by . 1 + *' and use ' (6) from this- chapter to^pbtain. • ^ 

-7 • f l ■ ■' ' ..- V | i. - 

• " .1 log (1 + x)dx = [(x + l)log (x-+ 1.) - (x\+ 1)1 e 

"V;.- J o : #-V- * . ' 



Of. 
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Example 7-6l .- .'.Find 



sin x dx. 



Formula 28 of the booklet tables gives thaV\^ 



n ^ -sin x . cos x- , n - 1 
sin x dx = — *-> + ~~ 



With ' n '= h', we have 



n 



.3*. 



n 



. n-2 , 
sin x dx. 



. k 3 -sin x cos x .-J 
sin x dx = — — . + JJ" 



sin x dx. 



To find this second integral , we- can use a trigonometric identity *( as in 
Example T-6gj or we. can use Formula ^8 again with n =2 to obtain . 



' -sin x cos.x ' 1 
s^n';..^x;>dx = g ~~ 2 



1 dx 



■ r 



1 " 



-sin x cos x ■ 1 
~ : — + r 

2 ; 2 



Therefore } we have 

0* V f * h \. , -sin 3 x cos x . 3 sin x cos x ■ 3x\ 

'.| s^n .x dx = ( . • ^ ' g : - + 

-it 



Since sin jt ==" sin ( -jt) =" 0, this becomes 



Example 7 -6m . Find 



The tables give no f o 



10 v -x 2 . 
••■ e. ... .. . dx. 

o . 



raiula'r'ifoT- ■• *\ 



e" x dx. There is a good reason for 



this:° it is known that' there^s .no elementary f unction -whose per I vat i-v*';M-- 
x e~ X . Out integral, ..theaffore,i can't be found by using the Fundamental 
Theorem, of Calculus- and we mjjj£. resort to som€ approximation, method in order 

ishall have J more to say about this in Section- 



to estimate this 'integral. 



9-h. • 



4 

ft? - 
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Exercises 7-6 



For' problems 1-15 fitifl the following indefinite integrals. 



2. 



(x + l)dx 



(\ + x + x^dx 



r 



3. 8Vx dx 



(^lliyax, fx > 0) ' [Hint: Wr^Ee as* 2 fractions.] 



sin 3x dx 



• 7. cos(2x --5)dx 



8. (-sin 2x)dx 



9. ^1 [-cos(3x'- l)ldx 



10. ' ^ cos 3x dx 



9 





11. - 2 sin x cos x dx fHin^: Use trigoriome-®ri& fe^ntit^ 1 <j 



12. 



(3 sin 2x - 6 cos 3x)dx 




* 



■ 15. 1 (e^ + l e7 x ) 2 dx [Hint: Remove jbsllrentheSis . ] 



.0 



6 
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For problems 16-25 find the following indefinite -Integrals 9t fusing tables 
when -necessary) . / -f . ~ ■" '■' 



16. 



2 AX 



17- x- 3 e X dx 



21. 



22. 



x log e " x dx 



x^.-siri x fix 
V, • • " 



18 



e dx 



23, x J sin x dx 



19- 



20. 



x l°£ e , x 



x ■ log x dx 
e 



24. 



25." 



e sin 4x dx 



x/2 3x / 
d 1 . cos ~ dx 



For problems 26-31, '.sketch a graph of the relevant,. region and finqjj 
of the indicated integral .' ^ - • 



1- 

- 26 ; j o 

; . f 2jr 



■ s?. 



(x + sin x)dx 
+ sin. x)dx 



+1. x -X 
e - e 



+1 x , --X 

e + e 



dx 




£..5 




5: :ix^;; : <- - v.. 



For problems 32-337 "the following instructWtae are to be followed ( linear'. ' ' \ 5 
substitution: translation). In this section we were given* an- area represented «'.-, ; 
by : v * 



(x + I)" 3 dx. 



By replacement of ~~ x + 1 by, x, - (i.e.-, 
x by x - l), and by appropriate" change 
of limits, we find an equivalent expression 
'for the area. After the linear 'substitutig 
we' have ■ 

o) 



L-S. 



9 3" ' > 
x 3 dx 



and 
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evaluating ;-the. two. "equiyeientr -forms of 
the &r.ea; ■ ' ■ ( :.. s . V ; 





' 0 - 


/y = *?/| 


— : — l i ^ 


l ' 



x . : 



' ;-v. 



' : we -see, "jbjiai tfciey a re / indeed, '* 

• ■ •'■ v *■ *. '. », " ■•' . ■ s ' 

*;,'; the: same;- ■ * *, ' ■ ' V s ' * -\ • •" ' " ■? . 

\ :".;*;. ". V-/'.* : ■:■ ; ■'; .■ - . 

-Jn'the -following 5 tv;o^prQ&lems,-: follow .-the fonnat->Tboye:/. Sketch the area;. 

5-.defined,l'by.'th| irit^g'ral^make W appropriate; ^rwar'/gUbsHiitutionV sketch- the • 

equivalent a^rea,' and evaluate^ each':' \ : ■ -v- -:' ".' 

,y i * , ■ ji ■ . ■■ . — -£- v v ' • . . ■ • ■ . ■■ - ■ « • 

r -' : >>'■ 4 ^ ' i w .'-ir ; ; •:• r--v". ■ - : ' - . 

12" " " J ^ " • • " ' - " \ ■ • , ■■ ■ . ' ' 

• x(x -/i^> ^- i ^^' ;y 'i hv: : ; ;- ; -V: .: ■ ^ : 

For problem ^U- 35 J' tpOAow the "Instructions of problems. 32 and 33, except in 
this case tfte rfneaf- Substitution is a scale, change Instead of a^trans^ation. 
^ ••Draw two graphs -asy'tfef ore . 1 ' " ' - \: V 



33^ 



,'2x dx ' 



c- 35. a yp-^x. ' • . . . - ? 

36. : (a) ' sfe^that .-if. ' x < O .-'then .^.V:^-- ' ';' ; ' 

"'■ ■•••/" \ 1 • "• ■ 
D log f-x) = - . 

■ v ; ■■ * e-) ",' ■<"■ . 

(Hint:- Skeieh ' f .: x -» log e (?)>• . x > 0 and g £ 

x < 0*) ^ ^V>:X- : : ;v':';-; ■ '■ .,. ' 



x -♦'.log .(-x) , 



(b)' Use. part (a) to f i'nd : , 



-1 



dx' 



V / ■» ". a^Td sketch the ) 
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J: 

. • ' i 

ft. ■"!.* ■ 



■•■'37; ; (a) <£n\ydti^ find - dx? •• If so> 

■■••(b) '•Shdi ? ;fe ^^^0^J-J^^^^ '; >^ >v ; • : v/-: 



\ \< ••V... v-^^ J H^i : . 
.' ■^(c5' : , Use part '(^) >W;Ji^ifs- .^t^jtfrea'., ; if any, you think; should -.be/ 
" % \ assigned toi1^er.^ibn borad by y = i , x ^ 0, . the x and y - 



5 

■■ -;.Ny- vt- ;v.-V- , .> S$f 

K . \ . .. M 
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V • : ^: 'V:'axes and tlae^^ri|^i-4ihk•' , ' x .= 1- : . " v . : . '• ,-'r 

.^ : 'V ; \ ( d i 5j^aV:answe|^ to you for ' v ^ dx? With -'^^ . 

; \': V P^ consistent? incopsi : stent : ?-; ; v7 



-,, ";. Chapter 8 " . . 

'■ DIFFERENTIATION THEORY .AND, TECHNIQUE • - 

... ' . .* »' — ' • ' V ' . ..«, • • " t 

- In volume "one we 'showed that the derivative of a polynomial function was \^ 

also a polynomial function (of one lower degree) and established .the'^onnula^sx 

D(sin x) = cos x D(c'os x)' = -sin X %3f 

*, \ • D(e x ) = e. X • D(log e .x) = \ • • 

. * D(x ) = ax ./ 



These are the basic differentiation formula's. Our primary purpose' in this 
chapter is to .obtain formulas for differentiating various algebraic combina,- 

tions of these functions and to use tfiese derivatives to discuss graphs .and 

°" ' . 

motion. * J * * 

■ ■ \ *> 

The first section of this chapter is primarily 'a. review and extension of 
terminology of derivatives', limits aji#\approximat ion to general functions, 
as well as. an' introduction to the concept, ox continuity. Various geometric 
properties°of graphs of continuous functions are stated .infection 8-2, making 
use of the relationship between differentiation and integration (the Fundamental 
Theorem of Calculus) to establish the connection between. derivatives' and the 
shape of the graph of a„- function. * Derivatives of sums, multiples a^^^roducts .' 
u are' discussed in Sections 8-3 and 8-if. t Functions wjiich are composites of 
simpler functions are discussed in §ection 8-5 and the important, "chain-rule" 
for differentiating such functions is given in'Section 8-6* Special cases of ■ , 
the chain rule, which enable us to differentiate powers, reciprocals and quo- 
tients are described Ux Sectidns 8-7 and'8-8. A general- discuss ion of *the '*< 
"folding" pj||cess used in' Chapters 5-and^ to define and differentiate root - '* 
and logarithmic functions is contained in Section. 8-9. These results are 
applied, in particular, to the inverse trigonometric functions. "The final 

section of this chapter gives a special technique f or~*&f f erentiating function's 

ft 

which are defined implicitly be relations. . <> f 



8-1. Notation and\ > Terminology ; ■..< 

In this chapter we discuss the properties of .various 1 ' .combinations of poly- 
nomial, circular, exponential and logarithm ' functions . Some common terminology 
and notation will be helpful. Some of what is said here is s a review of " previous 



discussion;-.;; 

■ The' '.notation 



(1) *. ' llm — . . h ~ 

» . ; * „ ' y • • f (x + h) - f (x) ' 

will be. used .as a' shorthand for the phrase the limit of ^ : > 

as h approaches 0. .. y ■ 

The .function . f is'saj/d, to be differentiable at x y 41* the "limit (l) 
exists; that, is there iVa unique number which can approximate as close 
as we please by/the quotient > j 

ffx + h). - f(.x) -.. " 
. h ' - X # y r 

if |h| is small enough.' The derivative .^*V is the function which, is defined 
for all x for which the limit (l) exists- an& whose value . f'(x) is given by 

« / % -. . f(x + h) .-.-f(x) 

(2) = lim : — 

h' o • /; 

Our intuitive discussion makes use of elementary limit principles . , A rigorou's - 
discussion of limits is lef & to the appendices. . ' 

If f is different iable at 'x = a, then the graph of/ f has a nonverti- 

cal tangent at (a,f(a)j, the slope of this tangent being T»(aJ. Th*. equa- 

*.*>'■ s 

tion of this tangent line is . * ^ _ v 

. ■ - ; y - f(a) +• f*(a)(x - a) . , ■ \ "' 

If x is close to a, then the values f(x); will closely approximate the 
values f(a) + f*(a)(x - a) along the tangjrit; thdt is, ^ y 

- (3) V • -r(x)-« f , (a)(x' -.a)' ^ . 

if . X, is close to a. , . • • • 

/The approximation (3) is « simple' rewrite of. the- definition of f*(a)/ 
for (2) . We have > 



If we multiply through by : h and add f(x). to both sides we .obtain /. ' ; 
f(x + h).» f(x) + f f (x)h, . for small |h|. • 

In the preceding chapters it was shown that* polynomial functions, the • ^ 
sine and cosine function and the exponential, function are different iable at^ 
each point. Explicit formulas- for the derivatives of these functions were ■ 
obtai^^ The^logar^ x -> log e x is defined and dif ferentiable 

only for. positive x. ' Power functions, x x* are dif ferentiable for x > 0, 

• In some case 

3/2 

• , x ->x J/ - v , 

(where the exponent is not less than l) a ^ower function may also be/differen- 
tiable'at x = 0, " while in .other cases, 'such as 

• . 1/2^ *■ \ 

- M x ■ • / 

-the function will fail to be dif ferentiable* at . x = 0. Functions such as 
. x -> x 2 / 3 (where the exponent is rational wi,th an odd denominator) will also 

• o be diff erentiable for negative 'values* of x . 

The square root function ■ . ■ 

• x.^ Vx " . ^ ■' " V ■ ■: • ' 

fails, to be dif ferentiable at x = 0 because its graph has a vertical tangent 
line 'a"t (0,0).'. ,A function will also fail to be dif ferentiable at a point. 
. where, its. graph -%ka a "corner." For example, consider the absolute value 
function - * 

. x -> |x | . 

The absolute value \x | is" the larger ' of the two numbers x and -x, so 
' that , . /} ; 



\ \-x if x < Oj 



Figure 8-la . 

\ ' ' ■ ■ 

It is clear from 'Figurek8-la l that the absolute value function is- differen- 

tiable:;f6r x > 0, where its 'derivative has the value . +1; and for . x < 0,. 

where -its derivative has the vallue SfV^She difference quotient at.'<x =0 is 



. n . .. .- „ - -. lo + hj .-. |o| rhl: 

, ( *> ; • 1 - h, h- 

*■ ' ' ' 

The values of depend upon the sign of h. If li * 0„ then 

,,s - 4 v; h ; 

■ h h 



while' if h < 0, then 



h . h . 



In Summary-, the quotient (h) is +1 or -1 depending upon whether, h >0 
or- h < Pi hence, the difference quotient does' not approximate a unique number 
for | hi small . . . • 

The general principle is that the limit exists if and only if the ie^jfc-- - 
hand and right-hand limit's exist and are equal. Consequently, in order f&r , 

the/ limtp (I) to be t defined-, the rtumber "approximated by f ^ X < * h ^ ti*- w hen 

h is negative and near zero must be the same as the number approximated by . . 

this quotient whea -h is positive and near zero. As /the absolute value futic- 

"• . v ■■ ' \ 

tion illustrates, at a "corner" the left-hand anp right -hand, .limits will differ 
and tjhe function' will fail to be idif ferentiablej at the corner point. 

x It is also possible that a function oscillates so badly 'near a point that 

* v, \ ' • v /• 

neither the l^ft-hanji 'nor 8 the right-hand limits of (1) will exist. # 



ERIC 
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In general/ we shall use the ' notation f for;,the derivative of a. func- 
tion f . As in the previous' chapters . D notation will be used in stating / 

* . '* *.' 

formulas- For example, D(sin.x) = cos x is a shorthand for the statement 

taat the" derivative -of - the sine function is .the cosine function.^ The* notation 

has also been introduced for the derivative. This notation is related to 
dx . , , 

■the concept of derivative as " rate, of change." For 1 ' example, if y, = x-^," then 



. x ( A A 2 2 ' ."' - V 

Ay = (x + Ax) - x 

■'•♦< .' " ■ • ' ■ \. 

.'■-.represents the. change Ay' in y due to the change Ax. The average rate of , 

change in - y per! unit change" ''in ' x . is then 

• '\ " ; ' ^1 = (x + Ax) 2 - x 2 , ; ■ ' • ■ ■ ' 

v - * • ; ax ax ■ ■ ■ t • ■ . . ° ' 

• . "' ' "2 

>\s Ax approaches 0 we obtain the value of the derivative of x -> x at 

f • 
the point x, in this case denoted .by. - 

dx * o * • - 

Let us now make explicit a concept, which has been implicitly used in many 
of our previous discussions. A function r f is said" to be continuous at a. if ■ 1 
f(a> ■ is^ def ined and 1 [■ . . * ^ 

lim' f (x) = f (-a) ; J ' 



x 



that is> the value- f(a)' is approximated' by the values f(x) : for all 
w.hicli are close enough to £. For example, , use has been made of the fact that 

,h . is small if h. is small,. This amounts to saying that ^ the function 

- ' . 2 - ■ ' -° ■ J ■ ■ . 

x «-» x is co.ntinuous at 0... ' , . . . ta 

.:In Chapter 6, use was made of the statements that 

log e x a i°S e a v if x is close to , a 



and 



e X « e a " if x is close, to' a. 'i 
p .J 



V 



These two facts are -summarized by* saying that^jhe two functions 



x -> log * x . arid ' 1 x -> e - : * 

'2i fl- 



are continuous at each .point? for which they ate .defined'. :>T 



1 



( it ' ' ' *' * 
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t" v. /^S^' a function is continuous at each point where .it fs defined it^is said 
"tb/be a continuous function .' It can be shown that polynomial functions and v the \ 
••sine„'.cOsiner^xponential, logarithm and power.; functions are all continuous • 1 \ 
f unc-urons/> Such results are consequences of elementary properties of limits ■. ^ 
■and/4re d\scussed in ttte" appendices', , .' 

Th# concept of .continuity Is Related to the concept of differentiability. , . 
in the following sense: , . ■ ■ ' ' <*\ i 

* if f is differentiable at a, then f i's \ ••. .■ 

-(5) ■ * ■■ ■ * • • . . • 

. continuous- at a, w -. •■■*>■■ 

' This is a simple consequence of the tangent approximation idea • (3) , _ V \ 

Hx) « -fU) /f' f (a)(x" - a-); if ' x. " is close to 'a* 

. As ,x approaches /a, the- term f« (a) (x a.) approaches 0 so that f(x) - . f 
mu'st approach f (a) .. The converse of (.5) is false. For example, the function ; ^ 

: i 1 f : x -> |x|, - ( ■ _ I. 

is not; differentiable at 0 but is continuous at . 0; 6 / . " >\-'\ ■' 

• ; f(x) =: |x|... wfll be close to 0 = f(o) ' ' . ■;,;^ ■ . 

if x' is, close to 0- • ' ' ~ \ '-. " . -Iv! 

■' 8 The concept of continuity ■arose out -of the desire, to formulate, a condition / 
• which will guarantee that the graph has no '.'gaps." A relationship. between ; con- _ 
tinuity an'd the non-existence of gaps wm^be stated, in the next ■section. -Tor 
"now we note, that If the graph' of" f ' _ has a. "gap"' at a/, the? f will .be .dis-^ ;! 
continuous (that is /not ' continuous) "at a. .For example, consider the function . 
f whose values * f(x) are given by ' . " ' ' 

' . . ' . \ ■ (-1 if x < 0) ' * ' , ; 

_ The graph; of V/ls- jsketchfed " in Figure^-lb". Note the "jump 1 ;, at the pointy, 

,/"<o,f(eJ), ,7 • - y . o ' ' ' .-' 



r 



X 
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— — * 1 ' r 1 — ~x . ■ 


'. v.: f . ' v-1 
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Figure ^8 -lb ' 



-1 if x < 0.) 



' * V . As x\ app£Q5?chesV\0, frbrjT.the. right, the values f(x) are all equal to 
;fL . s.o -that the. 'rightnhaTacT limit* is. . ■' +ls ■ As oc approaches: 0 * from the left . - # ■ 
itfie* vali$*3\ *f(x) "are^all '-i : so" that', the 1 ' left -hand limit is v , -l\ " Sifcce th<* 



ieft-hara^&nd right-harid T,iraits differ we - conclude that 
,v r , • • lim ■ f(*x) .j/d'pesn T t 'exist; ■ » . 



.tha-t Is , that ■ f is d is cont i palpus' at ' x, ■= >i0\ 



>*1 
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Exercises 8-1 



For each of the following find : 

(i) f then fin/4 ' 

v ' Ax 7 / 



as. 

dx 



Ax-O^ 





' y 


= .x 3 - 


(b) 


y 


= V5, 


(c) 


"y 


■ , 2 



3x + 3_ 



The notation 



(a) If- y = e find 



^— i \^,often' used for the second derivative.. 

cx d y t 

dx 



2 - . 2 * 

( fr) ' If ' y = -log x show that = (|^) .' 

® dx 



(c) 



the result of (b) hold for any y? 



Suppose /\(x) « g(x) =_1 + ^3(x - 2) in the sense that 

0. 



BlAs f (2)? if «(2)? 

Find th^vaiue of the following by first specifying the function 
which tfrls is the derivative and then .finding the derivative of f 
formula, (i.e., no^t by definition). ... 

L x + Ax) -J L x J 



(a) lim 
Ax -> 0 



(b) 



Ax 



lim 
Ax -> 0 



1 \2 / 1\ 

< x + ^ + 7T^ ) " (x + x } 



Ax 



(x + ^)-/x 4- Ax - x^x 
f c) . lim r- 

Ax -» 0 f . 



5^ 




Find "the^v^lue of the following: [Hint: In each, of these; yoU We a/sked 
to find f?(a); i.e., the value of ' the derivative at a particular ppint 
where x* equals soine number , a . ] : 



(a) lim 

h -» 0 V 



T3 j^Lz 



(b) v lim 
•Ax -»".0 

(c) lim 



Ax 



X + h) t 



'12h 



( d ) um * ain(* ± h) * jLsihjt 



AX -» 0 y .v. 

. - r . 3* cos [it - 2(£ + Ax)] - 3 cos/* - 2 £■) ^ 
( e ) : feT ■; . " 

Sketch a graph of .each of the following and locate the points of dis- 
continuity 'for each, (f* i^s d is continuous t at / a ? if (L) f(a.) is not 
defined 0£ (2) lim f(x) { f (a) .') '• ^ t ' ■' 



(a) f :' x -r-^p- for -1 < x '■< 3 



(b) 'f : x -> 

(c) f : x. -i 

.(d) f : x 

(e) f : x -* 



~ for x 0 < |x| < 2 
x 



0' for. x = 0 



x 2 - 1 



for |x| , rx f\ 



1 
2 

gx - 1 



for x = 1 



x < 2 



)2x - IV . 

x - k ' for' -1 < x < 2 
2 1 

x - 6 for* -.2 < x < -1, and 
-0 
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7. We discovered in this secti 



ion'ttoatf 



the relationship between diff eren- 



tiability and continuity is a one-way affair:'^ — . ' 
; ; * • "< *A functiogr. contiguous la* x . m^af may,' or. may vnot be" dif ferentiable 
; * ; tterer- a function, dif ferentiable at j ^ = a-, is'^continuous there, 

■ . Sketch each of the foUowifc and, determine for what values of x the 
" V : 'function is not dif ferentiable ..' Are thire tny points where the Cunc* 
is .not dif ferentiable and yet a t^nfeent 'line exists? 



^) f 

1 



(b) f : x -\x 



('cKf : x ^x 
(d) /-f : .x*-»*x 
'•(e) f, : x-^> x" 
(f) f : x -» x|x| ■ . 



|sin x| 
3/2 - 

2/3 
1/n' 
1/n. ' 



^fbr '0 



< x < 2tt 



■for 0 < x" < U, 



for 0 < x < 



n,' even 2 for x > .0 

■ nV" . oda 7 , n > 3 'for all -x 



"(g) f :■ x 



for all x 



for all x 



6x ■+ 10. 



(Hint: f f x 



4{T- x) 



(X - 6x +M.0)' 




•i. 

.V.2 



(a) 'Use the -inequality |l - cos,x| < 'fe show .that ^ lit* ccxyc = 1. 



(b) Using the inequa*lii?y |.sin x-| % 



show that lira _sin(x.= 0 
. ' • x -» 0 

■ ■ - . ■ y^'V < \ 

(c) Use the addition. formulas and'par^ (a) and "(b) to show thatlthe 

'fine, function- is everywhere continuous. [Hint: Look at 

life sin x = 1 Lrn /sihy (]a ' + h) where |x - a.| ■= h- J 
ic. a ■ • h ^(V 



9. Suppose f 1 x \ sin x > 0 
.(a) If n is a ■ pcftitivFT: 



tege 



F-fi 



Hhn- I l)^ f( (fcn t 3)*? 



■(b). What is the limit of ipTch jk the values of ' part (0 as- n *+ «J ? 



^ P ... .(c)' Is there any way £0^ 



f(o} so that lim f(x) f(o)? 



x 0- 



V 



1 * 
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8-2 . . Properties of Continuous Functions* , ' 

We have used several p^pertie^, of functions in e.a^lier dis cub- 
ing such topics^as-^maxima minima., intervals of increase and dec 



vex.Fty arid concavity. 



use of ant.i^derivatives to calculate areas y.ara 



verse functions^ Genera^ theory was 'deliberately neglected, while . ideas v'er^ 
being treated separai^ly for each type of ^function, using methods aupseiS^iLate 
to the function' under consideration.- • Thati there are^nd^rlyijig pri «rf^ |p^. 
should now be- obvious. • father than . proceed : fur1#her in this ad/hoc manQ^^ye 
bel£/?ye .ttjat now is the^time to begin to. dis.cuss some general propertied 6t \ 
functions, which are related to the coneepts^of differentiation, integration, " 
.and qont&iuity . 

We.toegin. by listing two general theorems which. hold for functions which 
are continuous at each point of a closed inteVv^i The first asjserta that the 
graph of such q- function has no "gaps," while the second asserts that^such a 
function has a maximum aid a minimum in the interyal. Proofs- of these two 
•theorems are ia the appendices. 



i 



" THEOREM - 8~ga . ^ The Inter\ecTia1jg Value Theorem 

Suppose f is continuous aVeach p&Lnt of the interval a <' x < b, and 
that ' f(a) ^ f("b) # . If d lies between . f(a) - and ' f (b) , then <there 
is at least one point c between /*a(>> and b such that 



Hoj^e simply,, if the graph "of a continuous function on an interval contains 
points ^on both, sides of a horizontal line- (the line given by 
graph must meelT'the ^ine. 



(See Figure 8.-2?/.)' /■ 



d) , 'then the, 




A continuous function, f. 



This result is, of. course, -a general" form of the Lopattwr Theorem (Chapter l), 
which asserts" 4 that a* polynomial fiction has 'a zero between any. two points .a 
arid b if S (a)', --and f.(b) have opposite signs. ' ■ 



THEOREM 8-2b . Suppose ; f "is continuous at each nointof the. interval 
a* < x <b:' Then there are points ' c ,»a^ d with a < c<b^and 



, a < d < b ■ suc)i ttjat 



f (d). < f (x) < f(c) for all x, a<x.<b. ■ 




both are m'inimums' if' f(d l n ) 



fCd 2 ), 



Figure . 8-2b 
Extreme .values on an interval- 



V 



Th§ .value* f(d) is palled the minimum while f(c) .'is c^Lled^^e 
maximum of f on the given interval.' (See Figure 8-2b.) /Eor polynomial 
functions tjiis theorem was stated 'in Section .2-8^ The hypothesis of continuity 
'on the ^osed interval . a < x < b is essential, i^^" of these theorems, as, 
will be shown in the ejcerci^es. Note; also that tyftheorem _does not say th* ' 
c arid 'd are unique, a"" g)iph can>heve,'se^eral points w&ich are the highest t 
(or lowest) points on an\interval. ■ (See Figure *8-2b.) ; ■■ 

Theore^ '8 -2b. is . an existence theorem. It assert^ the existence of highest 
■ and lowest points but giveVnb means , for finding them,. ' For polynomial futic-rf. 
.tions (which are everywhere different iable) , ve noted in Chapter 2 that maxi- 
• jfum minimum- values can! occur only at^ndpoints. of . tlae interval/or at points 
. where the de3>iWtive' is - 0. .In general, .we have the following result:. 




■J*' \ sib* *i , 



THEORE^, 8-2c . Suppose f. is continuous at eacfc point of the interval, 
a <'x < b. s and that,'f(c) is 'a maximum or minimum value for f -c 
this if^erval. Then it must be. true that* 

■ c = a, c.= b, f'(c) = 0, or, f is a ■ 

" *' . not dif ferentiable. at c. 



• In : other words, extremal values can occur only, at- endpoints-, zeros -of 
the 'derivative, or^places where the derivative doesn't exist (that is, points 
where the. tangent line is vertical, or there is no tangent; . The various 
graphs of Figure 8-2c illustrate each of the possibilities of Theorem o-2c. 




. b 






• ii 
i 



^b 



Figure' 8-2C' 
Some ^possibilities for f(c) = maxiiftum. 

7 



■ ? Let sketch a proof of Theorem 8-3c. Suppose f(c) is a maximum and 
that none of the possible conclusions is true: thatis, c ^ a, f £ b, f '.is 
<diff erentieble at c' and f f (c).> 0 pr^-f f ^) < O.^J^>nsider,the possibility 
that f'(c) > Oi * Since. ' 



f»(c) ~= lim 

h ^ 0 



-the values' J h ^ u " '^ C ^ approximate the positive quantity f f (c) £nd 
hferrce must themselves be positive if |h| is small enough. ■Jince c < b, .■ we 
can find h > 0 so that c + h < b and # * 

4 

V f(c + h) -.ftc) s n . ' ' ■ 

-V " — ~ 

multiply through by h- to 'bbteJLp ?(^ + h) - f(c} >. Of so tha} 
f(c + h) l > f(0* This contradicts "the assumption that f(c') rt&t he maximum 
of f -or!" thej interval a < x < b. A similar argument ( using \h K 0 ■ with 
Jh| sufficiently small) shows that the possibility f f <;c) < 0 jis&o leads to 

* ■ A . . •'■ 

J I , O V 



f(c > h) - f(-.c) 
V 



a contradiction. By this indirect argument we conclude that Theorem 8-2c 
must be true . - j * ". 

' •••fe ■• -v : "\ ■ :. 

i It will also be' convenient to make use of the fact that if the" derivative 
is .positive on an interval the function is increasing. An, instructive proof 
of tMs result can be given using the" Fundamental. Theorem of Calculus-. (To do 
this vigorously it is first necessary to etftend the. Area Theorem and the Funda- 
mental Theorem to continuous functions." This is done in the appendices.) At 
"this point we assume .that these theorems can be so extended, in particular, 

?b V ' " 
X can be defined for continuous functions' f so that if. f is 
'a '• • ■ . ' /. 

■ fb 

nonnegative on the interval then I f is the- area of the region bounded by 
\ < c ■ J a 

- ■ f> 

the graph of f over the interval; that is> if ve use f for^ this area . 

L J 8 

'then this'is consistent with the area concepts of Chapter 7-. Furthermore, it 
will 'be- assumed that if F f = f then . - 

\ : • ' • '• •..•„." 

*Tb * 

. ' • \ f(x)dx = F(b) -,F(a) .- 



Replying f by F f 




F'(x)dx = F(b) - F(«0 ; 



Here- we have -the basic connection between the concept of. area (or integral) 
and that of the slope of a tangent (or derivative). We summarize.. this dis- 
.Qussion in the following' theorem. 

» y <» 

THEOREM 8-2d . ' The Fundamental Theorem of Calculus ^ 

If the derivative F 1 exists and is continuous at each point of the 

interval a < x < b, then . r . ■ 

v — — . 1 *> * 

fb 



V 



a 



Fj(x)dx = F(b) - F(a) 



Let us now show^how we can obtain results about increase-decrease and_ 
convexity- concavity, from this version of the Fundamental Theorem. These 
results are established in the following two theorems . ^ • 



THEOREM 8-2e , Suppose f is d,if f erentiable at each point of the interval 

a < x < b and that the derivative f« is continuous and nonnegative at 

— — t ■ * -v 

each point of the interval. Then f is increasing on the internal; 
that, is; , 

(1) if- a < x I <* 2 < b ' ' then f .( x i^ $ f ( x 2^' 

If f » is assunfed to be nonposi.tdve on the interval then f is 
decreasing.; that is, - 

(2) . if a'SsX x < x 2 - h > ^ en f ( x 1 )> f ( x 2 ^ " \, . 

^ Prdof . Suppose that f f (x) > 0, and a < x ± < * 2 /< b. The Fundamental 
Theorem tells us that * 4 

r x 2 ... 

f(x ). - f(x ) = I f'(x)dx. 

J . X 1 '•' * 

' - ■ • ' ' ' fx ' 

\ - • - 2 

Since f* is. nonnegative, the area- given by V ■ f* must.be nonnegative; 

J X l 

that is, ' • 

f(x j - f(x .) '>0. 

This' .proves that (l) is true. The proof when the derivative is nonpositive rs 
similar. '(See Figure 8-2d) ^ 



- *This' is slightly .different terminology .than that used previously, a func- 
tion f . being increasing if 

f( Xl )<f(x 2 ) whenever , a < x x ;< x 2 < b. . 

It- is common to say that a function is strictly increasing if it satisfies 

this ^ndition, an* merely increasing if it satisfies (1). If .'it satisfies 

(2) then it is decreasing , with strictly decreasing usedf f or the- condition 
f (x > > f (x x ) whenever a<x 1 <Xg.<b. * - 




this area is positive - 

* this point 

lies above this 




The graph of f * . ' 



The graph of f . 



Figure 8 7 2d 



A slightly different form of this result can also be proved, namely, that 



if 



f*(x) > 0, for a < x < b 

and . f* is continuous at each point of the interval, a < x < b, then f -is 

^strictly increasing on the , interval. The proof is the same as the above and 
uses the fact that 



■f ■ > 0, if f ■ > 0 for- a < x < b. 



This fact just asserts that the* area bounded by f will be positive if the 
graph o£ .f T lies above the x-axis in the interval. (The proof is g^ven in 
the appendices.) ; '\ ■ 

The techniques for finding intervals of increase and decrease and for ; ^ • 
locating maximum and^minimum points discussed in Chapter 2 for polynomial' . 
functions can now be extended to more general functions . The basic* method 
is to determine the intervals in which the derivative doesn't change sign. 
These methods' will be applied in subsequent sections of this chapter asu* 
learn to differentiate more functions. , - . 

The second derivative f" °is, of course, defiried'as the derivative of 
f», that is, f"(x) lis defined for those x in t&e domain cjf f 1 for which 
the limit - , 




lim 
h 0 



f '(x > h) - f '(x) : ' 



exists. The value f"(x) is- then given by this limit. 



A differentiable function . f , is said to be convex in the interval; 
a < x < b if . • - • * ' ' 

(3) . f.(x 2 ) >.f(x x ) + f'Cx^C^ - x x ) ' " . 

whenever and k lie in the interval. . This says that the graph in 'the 

interval doesn f t go- below its tangent at ahy point of the interval. (See 
Figure 8-2e. The inequality (3) asserts that B is not below C.) 
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A convex function. . . 
The definition of concavity* is obtained by reversing the inequality in (3). 

THEOREM 8-2f . Suppose ■ f is differentiable at each point of the interval 

a < x < b and that its derivative f 1 is differentiable at. each point 
of this interval.- If the^second derivative f" . is continuous and non- 
negative at each point in the interval then f is convex in the Interval 
If, instead, f" is assumed to be nonpositive then f is concave in the 
interval. . * . 

Proof. ' Assuming -that f"(x) > 0,- a < x < b, we have, byTheorem 8-2e, 
that the derivative f* is increasing on the interval. Suppose 
a *< x n < x 0 < b. The Fundamental Theorem then rives the result 



This differs f^rom the terminology , used previously, which required that 

'f(x 2 ) > f( Xl ) + f t (x i )(x 2 - X 1 ) 

This is usually 'ref erred to as strict convexity , with an analogous definition 
for strict concavity . . . • . ' 



(h) 



f(x 2 ) - fUJ = ft. ,. 



The function f* is increasing on the interval,. x 1 < x < so that the 
minimum value of f*' on this interval must be f'Xx ); that is, 



f T (x 1 ) < f f (x), for, x x < x < 



It was noted in Section 7-2 that 
fb 



g(x)dx > m(b - a) if g(x) > m for a .< x < b. 



a 



With g = f 1 , m = f 1 (x 1 ) , b = x, 



0 , a = x^, we have 



r 

J X, 



t'U) dx > f '(x 1 )(x 2 - x x ): 



If we combine this with (h£ we'obtain the desired inequality ■ ■ 

f(x 2 ) > f(x x ) > f'(x 1 )(x 2 '- x^./ • '.. 

- ^ ** ■. 

The same result can be obtained if . x < x^. Comparable arguments, with' the 

signs reversed, establish .concavity if f" is nonpositive. (Figure. 8-2f 

illustrates relationship between increase of the . derivative and convexity.) 





-v. 



Figure 8-2f 



These results about the relation between the sign of the derivatives and • 
the shape of the graph of f can also be derived without making use *of the . 
.Fundamental Theorem, for which case assumptions that f* or f be continuous 
can be. dropped. A complete discussion of this is given" in. the appendices. Here 
we mention only the basic theorem used, the Mean Value Theorem . 
• o 
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THEOREM 8-: 



The Mean Value Theorem 



Suppose f * is continuous at each point" of the ( interval a < x < b and 
differentiate at each point of the interval.; a.< x <-b. Then there is 
at least one namber c, such that a < c < b and . -■ 

= f»(c). ; • * 



' In other words, there is at lea^rfc-one point on \he graph of f between 
a and b where the slope of the tangent line is the same as the slopJ of the 
line connecting (a,f(a)) and (b,f (b) ) 7^ ( See Figure 8-2g, which illustrates 
a case* where there are two points f or' which this is true .) 































>- 














*• 





■ t Figure 8-2g, 
L, T^, 1 and ■ are parallel. 



Exfercises 8-2a 

• • v % : 

Suppose you drive from New York to Chicago," sometimes stopping and, other 
times driving as fast as 70 miles per hour. Is there some time 'during 
the trip when your speed is 50' miles per- hour? . Give reasons . 

Two cities are ' 200 miles apart. Starting from. one you urive con- . 
tinually to the other^n k hours, then stop, 

(a) . Is there some place on the^rip" ihere your speedometer reads 5.0? 

Give reasons, " 

(b) 'Is there some place on th'e trip where your acceleration was .' 0? 
Give reasons, 

Suppose that you drive, from Sacramento (elevation 200 feet) -to Loggers 
Station Cattip Ground ^(elevation 5U80 feet) . ' The map distance between 
the two poiVfes"is exactly 100 miles. Was thete"* some time during the 
trip when you were on 'a .portion' of road that had a slope of^ exactly 1$. 
Give your reason.' # . - . " ' 

If the acceleration of amoving particle is always .negative, what can you 
say about its ' velocity? ' 

Suppose f" ilf " continuous in the interval a < x < b> and that f •(c) = 0 
for some c on the same interval. What can %pu say about c ly f " ' is 
nonnegative "on the interval? ■ nonpbsitive? 

Suppose a < c < b can you deduce that -c is a maximum 
f on the .interval if: 



(a) f •(x) < 0, * < x < c and f 1 (x) >' 0, c < x < b 

(b) ' f"(x) > 0, eS<jc < c«. and f'(x). < 0, c < x < 

(c) f '"fa) < 0, a < x < c and f »*(x) < 0, ' c < < 



(d) f'(x) > 0, a<x<b and f «(x) > 0, c < x< b. 

If £.* is positive on the' interval a < x < b how many zeros can 
have on the interval? . At what point does f haye its'/maximum? -if 
minimum? / 



Give an example of a function, defined for . 0 < x < 1 s 
= 1 and . : 

(a) there is no point c in the interval, where f(c) = p . 




f(0) = 0, 



(b) f is continuous and there are at least 10 points in the interval 
where f has . the .value ^ ' ' 
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9. Suppose f is continuous for a <x<b.. f(a) ^ f (b) and d lies . 
between f(a) an^sf(b) . Can there be two points c, between a and 
b such thatyT(c) = <3? If not, why not? If so., give an example. ^ 

10. Give an exa^ple^D^a^f unction f defined for ■ 0 < x < 1 such that 
(a) f has a minimum but no maximum" on the interval.. 

-(b) f has neither a maxirrfUm nor, a minimum on the .interval . 

(c)^Can your answers to (a) or (b) be continuous at each point of tbfc . 

* ■ - 

interval . / , . * 

♦ '■■ ■ - . j m . 

11. Let f :. x -» x 2 '+ 1 ^nd F ■ : x 

(a) Fihd an expression for F(x). . ' ; t * 

(b) * What is the relation between F(x) and f(x) - f(o)? 

• (c) Verify (without using Theorem 8-2e) that -f is an increasing ' 

'. function. .Examine r f at x and at x + h for h\> 0. ' ■ 

12. Give an example of a function f, continuous for \ 0 < x < 1, whose.g 
■ * maximum on the interval is at c, and 

(a) c = 0/. tfMo) 0 ■ ' 

• (b) c = l r . f(l) ± 0 . 

• ( c ) c = ~ and f . is dif f erentiable at c. 

(d) c = and the graph has a corner at c. . 

( e ) c'=.|- and the graph has a vertical tangejrtrat c. 

13. Suppose f is a polynomial function of degree two such that f , on the 
■ interval 0 < x < 1, assumes its maximum value at two distinct points^ 

C;L and c 2 of tjie interval, 
(.a) .What must- ^ and be? 

(b) Can there ibe a" third point of the interval where f has its. 
maximum? . 

(c) Show that f -has a unique -minimum oft the interval- 

f 
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'15. 



Suppose f^is a polynomial function of degree three such that ' f in the 
interval ' 0 < x < 1, assumes its maximum value at two distinct points : 



c 1 and c 2 on the interval. - . 

^ 2 

Assume f*":. x -> a x J + a g x + a^x + a Q , a^ > 0. 



(a) 



Sketch- possible locations for c 1 and c^. 



(b) Can there^be a third point of the interval where f is a maximum? 

/ Give the. posgitole cases for exactly • one Minimum when there- are two / 
maximum . Sketch your " answer . ' ^ * 

fd) Give the cases for exactly two .aiaimums when there, are two maximums. 
Sketch your ■ answer .' 

J * , - 

Suppose yi . is a polynomial Tunct ion. - 

(a) If the" degree of f is 2, * show that either f is strictly 
. * convex or. strictly concave. . 



(b) If the degree of f is 3, then there are intervals on wjiich 
is convex and there are intervals on which f is concave. 

( c) " What' can you say' if f has" degree U? 



■ * J . 

* " . ^ - Exercises 8 -2b ' 

• : 1. The fafSthat the interval includes its endpoints in -Theorem 8.2b cannot 

be weakened; > . . . • 

(a) Show, that the values of . f < x -»i •, 0 < x < 1 a*re not even- bounded . • 
above . 

• (b) Show' that* x — ^g .-ihas no maximum and no minimum' ort the interval'! J 

' 0 < x < 1; , ^ * " ' : . ' — 

2. -Show thaU' if f * is continuous and Strictly increasing for ■ 0 < : x < 1, ■ then 
gi'ven,an£ d, f(o) < d-<"f(l) there i>a unique c, ,0 < c < 1 such that 
f(c) = d.. Use Theorem and indirect reasoning. ^ ^ \ * ■ 

.3. ' Show that if f is conrfnuous on an interval a .< x < b, then the image 
if the interval is a c*sed interval. The image is- the set of points 
fU) with a < x < b*/ fr^ntt^Use Theorems 8-2b to find the endpo.ints, 4 
■' v . ^'then use the Intermediate Value Theorem).. 

hi ..Show that i4. f f *is continuous and positive at each point. of. an interval 
a"< x < b, then ■ ■ ■ 

T ( a y; f(a) < f(x) < f(b) for a .< x <b. ' 
1 (b) there is a function g such 'that 
i . •' g(f(x)) = x for a<x<b. 

' V - ^ (Hint: Use the remark following Theorem 8-2e and -Exercise 8-2b, . 
, No. 2.) ; ■ f <u • ' ; 

• " ' Show that iff" is .continuous and f strictly convex on an interval^ 

a < x < b then f has a. unique minimum on the interval. Use Theses 
/. . ..8-2c and an- indirect argument . If a < b can this minimum occur at b? , 

* a, c * . ■ • : ; 

6. (a\ Show thatlif f ^is a convex^Tunction then 

: + x 2 v f(x x ) + f(x 2 ) 



2 ■ 

» A sketch will help-'. 



t 

("6) Show that ' 



+3/2 ^ +• 2 B [ 



„aH , 

2 
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7.. J^TT Show that .the following is a^gpe^i^I case of fcfee-M e 



lean Value Theorem: 

If f' 'is cojitinuous^for^ a < * < b, dif^erent^ia^le for £ .< x < b' 
* . and f(a) = f(b) = *0, then there is a 'number c sucH that ' ^ K . \ 
fi'fc) ^=0 and* av < c <\. ■ . * ' * 

This. 'result "is usuallylmown^as Rolle's Theorem'. » An, algebraic trick 
will be use8 in tne append Jces 1 to deduce ^the Mean -Value Theorem from 1 ^ 
Rolled ^eorem: ' \. • 

(b) Deduce Rolle 1 s? |Thet£rem ,from Theorems 8-2b, c.V ' ■ ;• • 

(.Hint: If f ~is, not constant ^hen either t its min^um^or*lts maximum 



is not ze*ro.) : * • « 

■ * . * , •* * 

8. ' Deduce Theorem 8-2e from the Mean* Value Theorem-. 



(Hint: > if f J is nonneg'ative c$n the interval show that 



;f(xj 



f(x ll 



is nonnegative.) 



•9. .Show that if f »(x) = 0, . a < x < b, ^then f is constant'. 
(Hint: .Consider * f f*> f (a ? ' '* " *—-*■' 



and use the Mean Value Theorem.) 



4> >\< ■ 




** The remaining sections of this chapter discui^e^hods for differentiating 
•various combinations of unctions. # In this^ section we examine 'sums and 

multiples of functions. ' , - ' k ' . . .* . , ■■ 

■; .The* sum .of. two^f unctions, ha s.vbeen previously e/i counter^.- For -efAple,-^ 
the graph <€>f" f . . * > ■> ~ > ^ 1 

\ t . 4 / f : t ->3.cos itf + sinitj " . t 

was obtained in.Chapter^ (p.* 236)/ by adding -^he corresponding ordinate^/. . 
(Figure 8-3a) of the- two functions ; . w . ■' 

• u : t -» 3 "cos itt and v •: t -» 4 s,in rtt " 
a-Ceach value of t. Here we say that f is; the suk of^e two functions 
u***Wd v and write. * ; • ■ , \ ' , ' 

J - . . . f * u •+• v. • - . . ; 

This means that for ea^h t, the values f (t) ,. u(t) . ' -s£d v(t) are related ; 



f(t) = ujt) *\v(t). 



^ 



-f* " In Chapter, 3 we let u and v be the value s of &e functions t ->-u 
and zfe -> v. Here u and v ( are the functions u r t -> uft) a»d 
v . t"-> v(t) or u : x .-»u(x) *and v : x -> v(x) . * —v « v 
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o * 
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Figure 8 -3a 
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The difference of two functions is defined analogously; for example 



<*> . , . f = u - v 

if, for each x, the values . f (x) , u(x) and v(x) V are< related by 

" % * •' '* " . £(x) = u(xj 7 v(x). 

To be more concrete., if * 

. ; . . < 

f ■: x -t* 2 sin 3* - 3 cos 3x 



^ye. can'write: f-*u v ± where 




Y 



3- J ^ 
> * 




'u : x -* 2 sin 3x" 



v : x -* 3 cos 3sc.. 



' >•■ Th^ function u : x -> 2 sin 3x is a Aultiple of the ^function • ' y 
k. x -•• V A > g : x ; -»8ln 3xV . . ', ■ 

jvj^/bhe sense that ' the values ,u(x) - and g(x) are related, by the \e|uatid^ ' * • . • 



ufeK^2^(jO'. The graph ofjfe\ig obtained from tjie: graph of' g , by multiply 
ing'the^ corresponding ordi^e ofS*©' graph of g by 2. . (Se^ Figura 8 ^ b ;^ 




t } 

. Figure 8 -3b 
u '= 2g, where u : x 2 sin 3x, g : x sin 3x. 



/ 



The basic rules for derivatives of sums and multiples are easily. obtained 



and simply stated: 



(i) 



if f = u + v, then -f* = u*. + v* ; 
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and, for any constant a, 

(2) ' . , ,. 



if f = ag, then f 1 = ag 1 . 



For example, if f .« u + v, where < 



u >: X -* 5 cos jtt and v : t -* 4 sin jtt/ n 



then 



that is, .for each . t,. 



f^ty- u»(t) + v»(t). . 

4 ■ • ; = -3it s^n rtt + Ujt cos rtt . 




. We also made use of (2). For example, that : u f (t) = -3* sin jtt makes 
use of the^act that D(3 sin .jtt) = 3P(sin *t) . . « ' ^ 1 

We can'use the concept' of approximation along the tangent line to the 
$raph of a function to show that (l) and (2)- hold. " For example, suppose 
f v , where /u and v are each differentiate' at a. We have 

u(x} » u(a) + u f (a)(x -"a), ■ 

v(x) a v(a) + Ar»(a-)(x - a), 

if x«£z close to a. Adding, we have'*" 1 

(It) " u(x) .+ v(x) «,u(a) + v(aj + (u«(a) + v« (a)) (x - ".a)., 

Now we use the assumption that f = U + v to. obtain 

f(x) ft f.(a) + (u»(a) + v , (a))(x - a). 
.^-■FcJj; x / a we subtract f('a) from both sides and divide, by x - a to . get, 




\ 



f(x) - f(a) 
x - a 



a u*(a) /+ y 9 (k): 



We take the lirni^Kor' x approximates a to obtain 



li ^ (x) " f(a) = u»(a) + v'(a). 



x -» a 



We conclude that 



f r (a) = u'(a) + v«(a)-. 



(" We omit the'^sier intuitive argument which establishes that if f = ag 



ag 1 



3* 
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We can combine results (X) atfdi"^2)\ .to 1 ' different iate f = u - v, ^for we 



"can write . . ■' 



J^=^ii-""+ w,-^her^--; w = (-l')v, 



SO that e! , 'rjfc.-l. ' \ • , w 

~' : : ^ ■ \ . . 
"f •'."■«= u* + w* and' wV = (-l)v' = -v f . 

Thus; as \we should expert: V-. < i . 

V ■■. • . ' • ' \" , ' A ."" 

(5) * ; . ■> v f. =u' - v« ,if f t.^ - v 

■ Example 8-3a . , Find the derivative f : x -* x ^ sin x and' discuss^ -.. 
its graph in, the interval. -2* <- x < 2jt .• 

We can let u : x -> x and , v : x ->sin.x,' so thatlv f = u - v.* Since, 
from (5), f = u 1 -v» * and . 

(6) < ut x ->1, v» : x cos x*, ; 
we have- the result*^ 

" * r f'-W 1 " COS X. 

For all ■ x, f»(x) > 0, since.; cos x < 1. This-tefe us that f is. an 
increasing function for all . x. Fuxthermo^^t'he graph of f has a horizontal 
tangent at. each of the points ( -2*,f ( -2*)) , (&y«(0)) (2*,f(2*)> since . 

■- \f»(-2*) = f f (0) =f'(2it) = 0. . 

. ■• , • > * 

.Let us differentiate again. . Since ^ '*..., 

. 4 f » = U» V* . \. 



we .can apply (5) with f, u. and y replaced^ u r 'frnd vM to 

the result \ ^ ? 



Making use of (6) we have 

u" :. x -> 0 and v" : x -> -sin x 

.; so that 

: V- f " : x -» sin x. 

: 1 1 

/ The function f" is .nonnegative in the! intervals 
. (7) -2jt<x<--Jt, and 0 < x < it 

and nonpositive in the intervals 



v* ^ to obtain 
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(8) ° -it < x <'0 and * < x < 2*. 

{Thus, the graph of f is convex in the. intervals .of (7) and concave in the 
intervals of (8). /•■;_.* 
^ *' The graph of f • (Figure* 8-3c) is obtained by making use of tfiis infor- 
mation and plotting a fey points. , <« 




Example 8 -3b . Suppose a particle moves along a horizontal line so that 
.'its distance from the origin at time t > 0' - is given by s = t + - . Discuss 



the motion. 
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• . If t .Inclose" to: 0, then s . is nearly equal t6 and slightly larger 
than ^ , which is iterV large." If* . t is very large, then ~ is very small, 
"so that s' is" nearly equal to but slightly larger than t. Geometrically 
these observations mea-n t*iat for t- > 0 the graph of s = t + - approaches' 
the s-axis as' t approaches '0 and approaches the, line given by s = t as 
t becomes large. In other words, the vertical line given by t = 0 is an 
"asymptote, for the graph of s = t + ^ as t approaches 0, while the line 
given, by s = t is an asympto.te for the graph as t grows large without bound 
through positive values (i.e., approaches °°) • 

The derivative of. t -»t + ^ can be obtained us^ig- the sum formula (l). 
We' have ■ 



D(.t + }) = Dt + D(i) = Dt + D(t*" X ) 



-1 -2 1 

Since Dt = 1 and Dt = -It = - — , we conclude that 



D(t * = i - 



t 2 



The value of the derivative t -Js 1 " = 1 - is the velocity at time - t. Sine 

s t^9f if t < 1 and s f > .0 if t > 1, ■ the- function t -» t + i decreases 
in tfhe interval 0 < t < 1 ■ and increases in the 'interval t > 1. When t = 1, 
the v^Lue of t'he derivative\is 0 and' ' 2 is th^ minimum value of s. This 
meansthat .the particle moves toward the origin as t Increases from Q . to , 
1, is. closest to the origin whenv t = 1- and then, moves ■ steadily away from 
the origin. * _ . ■ 

The second derivative is obtained by using the difference formula (5) 
and the power formula:. " 



< D (l.i)=Dl.-D(t- 2 ) - J 



Thus, the acceleration is always positive (since t is positive), is' very 
large when t is close to 0, and approaches 0 as t approaches «. The 
second derivative 
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< * * *. * Exercises 8-3 

. Find the derivatives of each of the following . ■ ^ 

- 1 ■"■ , ■ ■ ■ 

(e) y = e e cos x . 



\ 




2 sin x • (f) y = Vx r : 3'e" x , 



A 



(3x 2 + + 1) '.' u. (g\ .jr =xvl^x - 21og fi X ■ r 

■ (d) *y ='(i - 2x)(i + ,|) .. (h) y'= x 6 . e X > • ' 

. Sketch grarfis of • f : x -> Vx ' + ^ , ^: x -> Vx and v : x -> ^ for . 
0 < x < 1. )Jhat is the equation of the tangent line to each at the 
poi*£t~where x = ^ ? How are these tangent lines related? 

. '(a) At what points on -the "graph of •.. v 

, y = sin x - t/3 cos x 
is the tangent line horizontal. v v 
C-b)- At what points on the grajph of ,^ ... V 

' / • y = 2 X -2x.. • - , ' . \ 7 ■ . 

7 7 . ■ ■ - ;. 

'7 is the tangent line perpendicular to the line'' whose equation is 
. • . ■ y. * 3x + 2? ' * . , ' ' ' , 

/ (c) Suppose the tangent lines to the' graphs^ o£ y = -5f(x) and y = 7f(x0 
j are parallel and nbnvertical at the point, "where x = a.. Show that'. 

' . ^these tangent lines must be horizontal. ■ \" 

\ ■ ■ :: \ \\ '' 

(d) *Show that if u and v are dif f erentiable a£,^v7 a ? nd tne * 

graphs of f : x ->>*fx) + 3v(.x) and ; g. : "x -> u(x) - llv(x> have the. 
same slope at Jfeffte point where x = a then V has a horizontal tan-- : 
- gent' at (ajv(a)) . . * 

7 " H, ' . . ■ ■ V' v -v * . - . 

k. Shjow that if a and b are constants rthen ' * ■ " ' . . 'r* - 

,D(au 4- bv) = a Da + b Dv. ' , \ ' 
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Analyze 

(i) increase-decrease, 
- - (ij^ convexity-concavity and 

(iii) asymptotes (if any) .. 
for each of the following functions on the interval given. Sketch graphs. 

(a) f : x t» x - cos x, 0 < x < 2« ■ 

(b) f f'x-»e X - 2x,. 0 < x < l' ■ " . 

(c) t ? t ->t 2 + f , 0 < t ■ ' J 



(d) ■ f ■:' x -* x 2 .- 72x, „ 0 < x < 2 , / ' ■ \ 

• fb , ' ' : 

(a) Show that if . F(x) = ,1 f, then F>(*)*= -f (x) . 

. .' J * o. 

(b) . Find F'(x) if 'F.(x) = I e" dt. > ' 

i J X ' ' . ' - 

Show that the acceleration of a particle whose equation of motion is 
. s(t) = 2 cos t +. t 2 is always nonne^ative. 

■ Suppose you know only that the rules of this- section hold .and that 
Dx 11 = nx 11 " 1 - Can you find the derivative of a polynomial? - 

'Consider g : |\ + *\ " -J 3 -** \ • ^ ^ 

. .(a) Sketch the graph^of g. ' s : u 

(b) Define g(x) explicitly in terms of linear functi6ns for all real 



> ■ x, 



(c) 'For what values of x is the derivative not defined? \ 

i 4 . 2 . 

(a) l*x *f\ < e X < 1 *'-x + x 2 , ' 0 < x < 2 , . 

(Hint; Put f(x) = e X - + x. + ^-J and find the minimum of f. 
Proceed <fi.n a 'similar manner for the right-hand side). • 

(b) ' Show, that if u(a) < v(a) and u'.(x) < v»(x) for' x > a then. 

u(x) < v(x) .for x > a. ' (Hint: Consider f .= v - u.) 

' (c> Show that if.' u(a)^< v(a), u»(a) < v»(a) " and u"(x) <v"(x) for 
. ... x >a then u(x) < v(x) for. x /a. (Hint: Use (b) twioe. First 
show that u'.(x) < V(x) when a < x.) • . 
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» 

11. (a) ■ Show that if y = u and y - v are solutions to the equation 

y" - 3y f + 6y = 0, ' then.sd is y. = 3u + 8v. 

(b) Show that ;y = e X + e" X and y = e X - e" X are each solutions to 
-tlie equation y" =y. % If cc and P are constants is 

^\ ' . y =.a(e X + e~ X ) + P (e X - e~ X ) 

also ft -solution to y" = y? ■ . 

' ' •'. *" ■ ' • 

12. Suppose. u(xj = y(x) + ax'+H), . where a /and b are constants.* 

• (a) What is u f (x) - v f (x)? j 
■ (b) Show that u 11 = v" . . 

(c) Prove. the following converse: If u" = v M then u - v 'is a linear 
function. (Hint: Use^the "Constant Difference theorem twice .) 

-13. Suppose- u- and . v are continuous at. x =' a . Is f = 2u - 3v also * 

• •"■>... - . 
continuous * at. x = a? 

• * 

Ik. Suppose f. = u + v and f £p dif f erentiable and thus continuous at 

x = a. Must u and ^ also be diff erentiable and thus continuous at 
x*= a? If so, .whj"? If not, give an example- m ■ 
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B-k.S Products 



^Each value of the function 



f : x -> xe 

is just the product of the corresponding values of the^^o functions' 



-that is', for each x, 



u : x -> x and v : x -> e ;V 



f(x) = u(x)v(x). 



. This .relationship can be used .to, obtain, the graph of f from the graphs of u 
.and v, for the ordinate of a. point .on the grapfc of f is the product of the 
corresponding ordinates of the graphs of u and v. j (See Figure 8Aa.) 

v ' ' - 

* y i - u (x)v(x) 




X 


u(x) 


v(x). 


f(x) = u(xMx) 


-2 


-2 


Q.Ik 


-0.28 . 


-1 


-1 


0.38 


-0.38 


-0.5 


-0.5 


0.6l 


. -0:30 


T 

0 


0 


1. 


0 


0.5 


0.5 


1.6 ■ 


0.8 


l 


.1 


2.7 


2.7 ' 



Figure 8-W 



y = xe 
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In general, we say that the function f is the ^ypduct of the two ^unc- 



( 



tions ,u and v and write „ , 

V . f = uv 

if fqp each x the values *f(x), u(x) and y(x) are related by 



(l) f(x),= u(x)v(x) * 

A formula Tor the derivative of f = uv in terms of the derivatives *of 
u and' v can be obtained by using tangent line approximations. Suppose u 
and v are each differentiate at x = a so that, if we take x close to 
we have 

■ - u(x) ss u(a) + u«(a)(x - a) I 

v(x^ Z v(a) + v«(a)(x - a)'. - . \ 

For the product we get 



a^ -^u , (a)v f 



(a)(x-a)' 



t u(x)v(x) « u(a)v(a) + [u(a)v«(a) + v(a)u« (a) ] (x 
Since, f = uv we can rewrite this as ■• 

f(x) » f(a) + [u(a)v«.(a) + v(a)u« (a) K* - a) .+ u'(a)v»(a)(x - a)' 
so that, for x jf a 

' f ( x ) : f ( a ? Z [u(a)v'(a) + v(a)u»(aj]'+ u» (a) v« (a) (x - a), 
x - a 

It follows that - 



lim 



f (*) - f ( a ) = u(a>«(a) + v(a)u'(a). 
x - a 

x -» a - 
Thus, we obtain the product rule: 
■ (2) f'(a) = u(a)v«(a) + v(a)u«(a). 

This formula is sometimes written in the form 
(3) (uv)* = uv* + vu f 

or 

.(l^ D(uv) = uDv + vtM, 

■or expressed in words: ■ . 



(5) 



The derivative of the product of two functions is the 
first times the derivative of the second plus the second 
times the derivative qjjj^he first. „ 



For example, f :> x x log e x is the product of ^ 

u : x -» x and v : x -> log e x. .1 

■ * 1 ' " ■ 

Since u'(x) = 1 and- v f (x) = - , the product rule gives . 

>'.•"" 

: f ' (x) = X • - + (lOg o X) • 1 = 1 + lOg X. 

■■ x ■ e. c 

As another example. we consider the function 



f - x -» e sin 2x, 



.which is "fhe product of 



?x 

v : x -> e J and v : x -* sin 2x. 
The. product rule gives ■ ■■ 

. f'(x) = e 3x • (? cos 2x)' +. (sin 2x)(3e 3x ). 

Example 8-Ua . Locate .the intervals of increase and decrease, convexity 
and concavity for the graph of the function ^ 

x 

f : x -» xe . 

The function f is the product of . 

' '■ ' , x 

u : x -» x and v : x -» e , ■ 

so that . . , ■ x - 

f*(x) = u(x)v , (x) + v(x)u'(x) .tit 

X X n 

. = x e + e • 1 

= (X + l)e X . 

This will be positive for x > -1 -and negative for x < -1 so that the ^ 
graph of f 5 

'* 1 
Falls until it reaches (-l,f(-l)) = (-1,- ~) 

and rises after that point. 



The function 



f» : x -» (x + l)e X is the product .of 



x 

u : x ; -» x + 1 and v : x -» e . • 



so the product rule gives 
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f*'(x) = u(x)v«^) + .v(x)u_*(x) ^ , 

. * . " A = (x + l)e X •+ e x • 1 , ' - ' 

. x. = (x + 2)e X . ' ' 

' f 

'We conclude from this that the graph of f is ^/ 

/ concave for x < -2 and convex for x > 2, § * 

An extension of our sketch (in Figure 8-Ua) should reflect these conclusions. 
We should also note that as x moves, far to the left -f(x) = xe X approaches 
0; that is, the negative x-axis is an. asymptote for the graph of f as x 
approaches 

Example 8-Vb . Show that if f : x -* e aX \in bx, then 
f"(x) - 2af»(x) + (a 2 + b 2 )f(x) =0. 

• . . ' f ■ . ' ■ 

The product rule gives, ? 

-f'(x) = e aX D(sin bx) + (sin bx) D(e 8X )' 

..= e aX (b cos bx) •+ (sin bx)(ae &X ) \ 

ax G> ... 
= e [b cos bx + a. sin bx] . 



Again we use the product rule to obtain 

f"(x) = e aX B[b cos bx + a sin bx] + [b cos bx + a sin bx]De a 
= e ax [-b 2 sin bx + ab cos bx] + [b cos bx + a sin bx]ae' 



e ax [(a 2 *- % 2 )+± n bx + .2ab cos;bx]. 



Therefore, 



f"(x) - 2af»(x) + (a 2 + b 2 )f(x) = e aX [(a 2 - b 2 )sin bx + 2ab cos bx] 

- 2ae ax [b cos bx + a sin bx]" 

». 

S ax r / 2 , 2\ , n 

+ e [ (a + b )sin bxj 

" ax r / 2 ^2 0 2 2 ,2* . , -, 
= e [(a -b -2a +a +b )sin bx] 

• . ' + e aX [(2ab - 2ab)cos bx] 

= 0. 
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Example 8-bc . Suppose f is a polynomial function and that" a is a 

zero of f. Show that the multiplicity of a . is greater than 1- if and only 

■ V * 

if a . is a zero of- -f. , 

If the multiplicity of a exceeds 1 then (x - a) 2 is a factory of 
f(x); that is 

f(x) = (x - a) q(x), ^ ' 



1 



vfcere q is -a polynomial function; Applying the product rule we have 

£<(x) = (x - a) 2 q«(x) + q(x) • 2(x - a) 

so that indeed 

- / f '(a) = 0. -. 

•If the multiplicity of , a is 1, then.. 

f(*x) = (x - a)'g(x), where g(a) ^ 0. 
The product rule gives j 

/ ,. f»(x) = (x - a)g'(x) + 1 • g(x) 

. so that 7* 

f'(a) =.g(a) i 0. 

In other words, if the. multiplicity' of a i-s 1 then a cannot also be a 
zero of f 1 . 




Exercises 



Let = a^. + m^(x- - a) be the equation of the .tangent line to the 

f 2 = a 2 . i m 2 ( 



2 2 

graph of u : x -* x at *(a,a ) and y = a + m (x - a), the equa- 



tion of the tangent line to the graph of v : x -» x at (a, a ) 



(a) Find a^, n^, a 2 * 

(b) Form the product -of the expressions for' y n and y , and omit the 
■ term involving (x - a) . The resulting expression is linear in 

■i (x - a) and hence defines a line. Show that this line is the 
. tangent line to uv = f : x at the point (a,a^) .' 

Find the ' derivative of each of the following functions f, where f (x) 
equals } 

(a) x(2x - 3) ( 

(b) (kx - 2)(k - 2xJ s ; 

(c) (x 2 + x '+ l)(x 2 - X + l) 



(d)' v^c (ax ■+ b) : 



(e)- ± •' & 
■ x ■■ 

I 

('f)-i • (5x + 2) .. 
\ 

(g) x e X 
\*Pg /2 , x >. 0 

Vx 

0) 3x 2 Cx 2 - 5 ) 

(k) v£ cos 2x 

(•«) e 3x sin (x + 1) 



U)-- 


2 , 
-x log g x 




(n). 


(x - I) 1 / 2 e" X 




(o) 


f x -t 2 

x e dt 

■ Jo < . • 




(p) 


e xj x 4p at. 




(q)' 


&e X sin x 




(r) 


(log^ x)(Ux + 


2x)(cos 2x) 


(s) 


2 sin.x cos x 




(t)- 


x e X log (2x + 


l) (sin^x) ' 


0>) 


x 2 




(V) 


x log 2 (3x + l) 




(w) 


e 

x e 
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3. Evaluate" . 

(a> D( 3 x 2 ■+ 5x - if . M D(e^ sin(l - 2x)) 

'(b) D(3 - 5x) 3 . ' (.0. x) 

(c) D(3 - 5X) 1 * . . (j). Kx* 

1 (d) - D(x(^ - I) 2 ) '•*' (*) D ^ 2 cos x) 

(e) D(x + i) 2 .(•*)" D(sin x log e x) 

(g) d(W(? - 2^ + 7:] 

k, (a) Suppose ' f(x) = [u(x)] 2 . Show that "f V(x) = 2u(x)u' (x) . (Hint : 

. . Use the Product Rule.) . 

"3 * 2 * • 

(b) . Show that. D[u(x)r = 3[u(x)] u'(x). 

(c) Show that- D[u(x)l = U[u(x)lV(x).-; J 

(d) Make a conjecture about D.fu(x)l .... 
.5. Use the "results of Number 1+ to find y' if 

(a) y = sin 2 x («) ' * = (* 2 t ^ .. 

' (b) y =. cos 3 (Ux) (f) y = sin 3 (2x - 1) ., . ^ 

(c) y. = (log e x) 2 (g) y -'-(I * sin.t 2 dt) V 

(d) y = (e X ) ' . 1 . . - - t k 

^ 6. Combine the method of Numbed lj with the Product Rule to find ^ 'if 

(a) y = x 2 (x 2 " + l) 2 . 

(b) y = (x. + l)' 3 (x 2 - X + 1) ' \ . 

(c) y = (ax 2 ' + bx + c)(dx 2 + ex + f) . % 

2 ' 

(d) y = (cos ' x)sin 2x 4 * . 

(e) y = e X sin 2 (ax + b) ^ . 



6?o 1.2 s 



(f) y = (xl X f at) 2 



0 

(g) y = x J [iog e (x +.i)l 3 • 

7. For ea^ch of the following functions, find the intervals of increase (or ■ 
decrease) arid convexity (or . concavity) . Sketch graphs 1 over the intervals 
indicated. . 

(a) y = x log e -Xj^£^ x < e ( c ) y = sin , x > 0 5 x £ 2n , 

(b) y = ~ log e x, . 0 < x < e 2 (d) y = x 2 - log e x, 0 < x < ■ 

8. Show that each of the following is an increasing function 
Ca) x- t* vGc e X , x > 0 



x 

(b,) x , x > 1 / 

x 

e 



.3* 



(c) x-> — , x >a > 0 



X < 



(d) x ->.x sin x, 0 < x < ^ 



'/ 9*. Show that if f(x) = (x r a) g(x) where . g is dif f erentiable and 

/ .... • 7\. 

I g(a) ^ 0, then f , (a) =0. 

/ 10. Show that if a is a zero of the poTynomial function f of multiplicity 

/ greater than 2 then f"(a) = 0. If f"(a) = 0 must it be true that a" 

/. . ■ •* 

< is a zero of f of multiplicity greater than 2? 

)^ ■' 11. (a) Show that if y. = e ax cos bx then y" - 2ay f +■ (a 2 ■+. b 2 )y = 0. 

(b) Show that if y = x 2 e x + 2xe X then y m - 3y" + •3y , - y = 0.'. 
12. (a) Show that 

' (uv)" = uv" +.2u , v t + u n v. ... 

(b) Use (a) to find' the second derivative of 



2 

f : x -> x cos x. 



(c) What is (uv) ,M ? 



(d) Does (c) lead you to a conjecture about the nth^derivative of uv. 
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8-5 . Composite Functions 

" The function f : x -> /x 2 + 1 is not a pojLy^mial, circular, power, 
exponential or logarithm function; nor is' it a sum or product of such functions. 
Our previous ^rscup€Tons and formulas do not cover even a simple a function of 
this type. The /Verbal adscript ion of f cat give a clue as to how to treat 
such a function. Verbally, the rule for f is 

(l) "'• "the square root of the quantity x squared plus one." 
In other words, first calculate the quantity x 2 + 1, and then take the square 
root of the result. .The 'operation- defined by f is composed of two simpler 
operations,- finding x 2 +1 and taking square roots. In this and the_next 
two sections we discuss functions which are compositions of other functions. 

■ The statement (j.) can be translated into a symbolic form which will dis- 
play.' the * fa ct that f : x A 2 + 1 is composed of the two operations, 
x ->x 2 + 1 and taking square roots. Let g(x) = u = x + 1 and h(u) = Vu, 
so that / > . . ■ 

f(x) = h( g (x)). y 

To evalviate f(x) we first eyal!]lte. gfl&, then evaluate h(g(x)). 
For. example, if .x = 3, then 

u = g(3) = 3 2 + 1 = 10*. 

and v ' ,„ 

. . -: } t{3) = h( g (3)) = h(io) = 'M. - 

In general, we say that, a function f is a composition of the. two func- 
tions • h and g, if whenever f(x) is define^, ^so are g(x) and h(g(x)); 
and then . 

f(x) = h(g('x^). : V 

.The idea, of composition's #een previously use> implicitly. For example 
the function . / . " 

: : x -> sin (2x + 3) 

is a composition of the functions h : u -> sin u and- g : x.*Hu = 2x + 3; 
that is, V 

, • f(x), = h(g(x». 

Also use has been made of the fact that the general exponential function 

' ; ) ; 
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f : x -♦k* is a Composite function since we can write a = e^. If 



h- : u -* e U . and :• x -*ax = u, then 



fyftx ->a x = h(g(i)). = e°*. 

" Facility with composite functions depernds yupon ability -to write compli- 
cated expressions as composites" of simpler expressions . Some examples and 
practice exercises are provided to help you deveitap skill at doing l^his.. 

" Example 8-[?a , Express x>-* sin Vx as the composite of simpler functions. 

Since sin Vx* is usually read "the sine of the square root of x, M the 
function x -* sin fi is a composite of the sine and the square root functions. 
If we 'let u= g(x) = Vx 'and h(u^ = sin u, we then have 

sin Vx = h(g(x) ) . 8 . 

* " . • 

Example 8-5b . Express x -* x ' ■ as the composite of two simpler func- 
tions in two ways. 

'^2/3 

.The expression x ' can be read as . m ■ 

(2) "the cube root of the square of x" 

or ' •> S ■ , . 

(,3) "the square of the cube root of x." 

Put g(x) = x 2 = u and h(x) = 3 Vx = v. In symbolic form (2) becomes 

' (h) ■ w • x 2/3 = h(u) = h(g(x))., 

while (3) becomes. 

(5) • V x 2 / 3 = g(v) = g(h(x)). . 

I^other words, in this case, it doesn't, matter whether we 'square first , 
an3 then take the cube root, or take the cube root and then square. It should, 
however, be noted that generally the order of composition is important.. In 
the Example 8~5a we had J f 

sin Vx = h(g(x)^) , where g(x) = Vx =ji and . h(u-) = sin u. 
Reversing- ttfe order of composition, we have , . . 



m t , \ g(h,(x)) = Vsinx, 

which is certainly not the same as sin Vx. 
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It should '"be .observed that there are other ways of expressing 
as a composite* For example, 

_ " 



(6) 



f(g(x)), 



where g(x) = (x - l) 1 / 3 ' and f(x) = (x 3 * l) 2 ^ , since' 
f(g(x)) = [(x - 1) + .1] 2/3 = x. 2/3 . 



0- ' > 



f 



1 
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• ' Exercises 8-5 • " ■ •?•>'■' •, ■ - •= 

Express each of the following as a composite of two functions which are 
polynomials, exponentials, logarithms, power, sine or cosine functions. 

• (a) x - x 2 ' (g) x (2x 2 - 2x + l)" 1 ' 2 

(b) x-»e X ' (h) x -»log e (sin'x) 

• V ■ - 2 , 

*3 " * COS X 

(e) N x -VcW (x^ 5 - 3x) . (0 

l /. \ 2 sin x 

(d) x-> 1 g . (J) x 3e 



A 1 '+ x 



r 2 



\ ; \ 

(e) x ^ log e /x 2 +.1 00 x -^2 (x+l) j 

■(f)' x.- (2 - 3x 2 ) 100 5 . - - J. 

Express each of the following as the composition of three , or more simpler 
function^.. * " 



(a) x ->log e |8x d + 5x + 2] 

(b) x -» Vl + cos x 

(c) x -* cos(sin( cos x)) 

V " - 

(a) x -*W* ~0 3 ^ 

r — : ' — ? 

\ (e) x " /l -"'(log x) 



J 



* . i + e ■ . . > 1 ; 

2 

J. Express x -» |x| as a composite of the function . x -*x.~ and some other" 

V function. * ' ' 

hj (a) Show that the composite of two linear functions is linear. *' 

(b) Exhibit the composite of two' quadratic functions.. What is" the degree ^ 
s of this f composition? / . * -. 

(c) *fs the composite of two polynomial functions .a polynomiaiff^nction? . 

If so, what is its degree? ./ 
5. (a) If u : x -» x and f : x -»u(u(x)) fyiat is f(3)? . < .; 

'(b) Suppose u : x j . Find* an expression for. f, the function defined. 
.by f(x) = u(u(x)) . . 



6v (a) Show that composition of power functions is a commutative operation, 

• that is, if u : x -> x a and v : x -> x b then u(v(x)) =.v(u(x)) , 

(b) Is the result of part (a), .true 'for u : x -» cos x and v : x -> sin x.. 

(c) Is the result of part (a) true for exppnential" functions ✓ 

■ I u x— >a X and v : x -> b X ? (a, b > l) . . .' -^4~~~" 

(d) % Is they, result of part (a) true for u : x -» e X and 

v : x -> log e x? - 



7. . Express the following as a composition of two functions 

• J • • 'fx 2 • ' * 

. (a) x ^ j t 2 / 3 dt " ' 

(b) x 1 e 1 dt 

J sin x - 

'. • ' f* 2 -t 2 

(c) x -> I e dt 

■ J .° ■ /•" 

8. What is the domain of' the function 



x.-> A - (log x) 2 ? . 



8-6. The Chain Rule 



Suppose we can express f as a composite. of two functions g and h .. 
whose derivatives are known. The .derivative of f can then be expressed in 
'terms of the derivatives .of g and ' h. 
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If . f(x).= g(h(x)\ 
then f*(x) = g»(h(x))h»(x) 



. • This result is usually known -as the chain rule . We have used the chain 
rule, for particular functions in the case for' h a linear function. For 
a example, suppose 

f : x -* sih(ax + b) 

so that ■ >■ • ■ 

f(x) = g(h(x)> 

where g : u ' -> sin u and hV* x -* ax. + b = u. Since' g* : u -».cos u and 
h f : x ->a, the chain rule (l) gives .» 

' • . f'(x) = /g'(h(x))h ! (x) 

- ■ = [ cos(ax '+ b) ]a 

' " . . = a cos(ax + b.) , 

which agrees with our previous result^- \ ■ - % 

• The general result for linears^sVtution is as follows. Suppose . 
f(x) = gtax + b). Let h(x) =*ax + b. The chain rule (l) gives' 

f«(x) *= g f (ax.+ b)h'(x) 

• • '•"'•■= ag' (ax + b) 

which stows that replacement *of x by ax + b in a general function g 
multiplies the derivative by a . 

A special case of the chain rule was used. in Section 6-7 to differentiat 
a power function. Suppose f : x-*x a . We can write f (x) = g(h(x) ) , where 
g : u -> e U and • h : x -* a log e x = u. The derivatives of g ■ and h are 
given by * 



The chain rule gives •.. .;• 

a 



f'(x) = g«(h(x))h«(x) = g»(a log e ^x) • - 



a lo e e x , a 

..= e 



* a ' a 
= x • — 

X 

a-1 

= a x 



Let us now prove the chain rule* by generalizing the tangent approximation 
lents usee 
composition 



arguments used in' Section 6-7- Suppose that f is related, to g and h "by 



f(x) = g(h(x)) . 

If h is differentiable at ^ and g is diff erentiable'at . -h(a) ,. ye 
can write ' / . 

(2) h(x) ~ h(a) + h'(a)(x - a)/ for x close to a, . > ■ ■ 
and 

(3) ' g(u) a g(h(a)) + f^Ma))^ - h(a)), for u close to h(a) . 

In particular/ if ' x is. close to a the second terra of (2) is 'close' to 
zero so that h(x) is close to h(a) . '. ' 

- We can replace u by h(x) *in (3) tp obtain 
. * . g(h(x)) ~ g(h(a)). 4-V(h(a))(h(x) - h(a)), 

-which will hold, if x is close, to a ' (so that h(x) * h(a)). We now use (2) 
again, this time to /replace ^(x) - h(a') by h«(a)(x - a). Thus, we have* 

(k) . g(hfx)) Z g(h(a)) + g>(h(-a))h«(a)(x - a).. 

By assumption f(x) = g(h(x)) so we can rewrite (k) as 

. ' | . f(x) » f(a) + g , (h(a))h l (a)(x - a) '. I 

then subtract f(a) and divide by* x - a to obtain ' 

" I l U) « 6,'(h(a))h'.(a). : 

Therefore, , 

>f 

• • '. lim f( - x) " ; (a) = 6'(h(a))h'(-a),. . . 

* . " x ~ a 

<■ ■ x -» a 

which establishes the chain rule: 

f'(a) = g'(h(a))h'(a)'. 
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' The Leibniz notation g for the derivative provides a convenient mnemonic 
.device for the chain-rule. Suppose y = g(h(x)); that is ^ • . 

' 4 y = g(u) where u = h(x) . 

We can then write g'(u) §J , h'(x) = g .. The chain rule can then be . 
expressed- 

dx du . dx 



'4 ! yT^ T 

Example 8-6a . Find the derivative' of x -W x +. 1. 
Put g(x) = x 2 + 1 = u and h(u) = Vu ,so that > 



Vx^+ 1 = h(g(x)) . 

Recall that h'(u) = and that g'.(x) = 2*. The chain rule tells us that 

2-Ju 



D(/x 2 + 1) = h'(g(x))g'(x) . 

1 



2x 



/ 2 0\ 
"2Vx + ,1 



7 2 



£ut 



x + ± } 



_ . * sin x\ ... 

Example 8-6b . Find D(e ... )./ ( • * ' - 

To express x -> e Sin X a s,| - composite of functions with known derivatives 

. u = h(x) - sin x, g(u) = e U 



so that 

. e Sin X = gCh(x)) 

arid * ■' ■ 

h«(x) = cos x, g'(u) = e U . 



The chain rule gives 



D(e SlR . X ) =.g'(h(x)) • h'(x) 



sin- x 
= e ' * cos x . 
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, Example 8-gc . For f : x -> (x 2 + x + l) 100 , find f«(-l) 

We could expand -and then differentiate. Obviously, such a procedure would 

, / \ 2 " , / \ 100 

be quite lengthy. Instead we let h(x) = x + x + 1 = u and g(u) = u , so 

that . . 

f(x) = g(h(x)j. 

> - 

We have h*(x) = 2x + 1, g'(u) = 100u", so that (by the chain rule) 

f l (xj^ = 100(x 2 + x + I) 99 • (2x + 1)'. 
Thus f»(-l) = -100. 

Example 8-6d . Use the chain rule to show that D(log e (cos x)) = -tan x, 
. thus verifying integration formula 12 of the Taole of Integrals: . ,. 



tan x dx =* -log- (cos x) . 



Put h(x) = u = cos x, g(u) = log g u> sp that 

log (cos x) = g(h(x)) , 



and hence 
■ v . 



D(log e (cos x)) = g»(h(x))h'(x) 

" ' X 1 / 

= hlxT ' ( " sin ^ 

sin x 

■ " " \^ ~ .' COS X 

... s \35i* ■ 

= -tan x. 

Example 8-6e . Find |^ if y = - — — ' — o~ • . , 

1 + sin (x ) 

2 1 1 - 

We let u = x- -and v =.1 + sin u, whence y = + slp u = - . We obtain 

g . 2*, £ . =o= u, „„* % = -± . ' We to v„ £ . % . £ • £ .• T*er=- f 

fore, • 
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dx 



(- i)(cos.u)(2x) 

(- 1 2 ) (cos u)(2x) 

\ (l + sin u) ' 



x) 

2x cos (x ) 
(1 + sin (x 2 )) 2 V 



Example 8-6f . Analyze the graph 



The product rule gives 



(5) • 
so that 

(6) 

The derivative 




Applying the chain" rrilk to. e , .we get 



D e\ =' e" X C-2x) = -2xe' X , 



2 2 
_ 2 -x . -x 
-2x e +. e 



= (-2x 2 + l)e" X . 
fll have the same sign* as 

- 2 - = 4-.^('*#- 



The graph. falls until it reaches 



then 



rises- to [— , — e' 1 / 2 )' , then falls 
\J5 J5 J 



v5 

To arialyze convexity we find the second derivative. Apply the product 
rule to (6) to obtain 

' . y" = d 



(-2x 2 + l)e" X 



(-2x 2 + 



l) D (e- x2 ) 



+ e 



" X D(-2x 2 + 1). 



Now use (5) and the fact that D( -2x + l) = -hx to obtain 
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y" = (-2X 2 + l)^-2xe" x2 j + e'^i-hx) 

= (Ux 3 - 6x)e x . 
The second derivative y" has the same sign as 

hx 3 -°6x = l»x(x - /|)(x + /§) • 



- /"| < x < 0 or /§ ,< x,_ • 



The graph is convex for - » 2 ^ ^ " w '2 

(8) . t ;\ _ - 

f ;i for x < - Vf or 0 <x <V| . 



and concave 



We can show that if |x| is large then xe" x SO, so that the x-axis is. an 

I 1 — x 

asymptote. We .know that |x|e 



0 if |x| is large. Then noting that 
2 i i 



-x < -Ixl if |x| >1, we have e < e 



since x -> e is an increasing function. Therefore, we have: 
|xe" X | < |x| e" ,X| SO, if |x| is large. 



See Figure 8-6a for the graph of y = xe 
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Exercises - 8-6 

1. Find the derivatives of each of the following by making an appropriate 

-*(2x 2 - 2x + 1) _1/2 



substitution: . 




(a) x -» A - x 2 


(g) 


■ 2 

(b) x -* e X 


(h) 


(c) x -* cos (x 3 - 3x) 


( V) 


(d). x -* 2 
1 + X 


. (J) 


.(e)' x -* log e Vx 2 + 1. 


(k) 



2 

COS X 

x *-» e 



x-, 3 e 2 ^ X 

( f )^(2.3x 2 ) 10 ° ■; 

2. Find the derivatives of each of the following functions by making one 

or more substitutions. _ ■ { ■ ;. 

■ • • , / 

(a) x -* A + cos x /. 



"(b) x -* Vl^(log p x) 2 
s 



x -* ■ 1 2x 
1 + e 



x -* cos(sin(cos x)) . . * » • 

'I '- ^ F&t&ei derivatives- of each of the following functions by using the 
•■^^•chain i: ^e%/kl.ohg with the sum and product rules. 



: -i), xt sit /? - (x 2 + D- i/2 

: A^ S^S 1 -r 2 2.l/2 r 2 ^ 2.-1/2 

' ' ^ 7 :^^i&-^s&^- ' v-i/2 * 

'(c)^t%$%!m+ 2x + !)'_■ 



(d) >- •X- ^ x vsin x 

(e) x -* sin 2 (e X ) 

, < x sin x 

(f) x -* e 



(g) x -* log' e .(/x cos x). 
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log x + ; cos x 

( h) x -> e e 

(i) x -> sin x. cos x log t/x 



2 2 
(j) x -> cos (l°6 e x ) + sin ( lo 8 e x ) 



(a) Show that if f(x) = 1 h(t)dt then f'(x) =» htgfxWg'tx), 



(b) Deduce from (a) that if F(x) 



£* then F r (x) = -2^ f (x ) . 

2 . * 



(c) . Verify (a) by evaluating j sin j dt and then calculating its 

derivative.- ' f . ^ 

Find the derivatives of each of the following functions 

(a) x -> j* t 2 / 3 dt 



(b) x 



(c) x 



e t dt 

sin x 

e ■ dt 



J 0 



(a) Find the derivative of f : x -> x , x > 0. (Hint: Write 



x log x 
x -e x 

x = e 



(b) What is the minimum value of f . 

(c) Find the second derivative of f and show that the graph of >f i 



3 • convex. 



Determine intervals of increase-decrease and convexity- concavity . Then 
sketch a graph. . 

(a ) t : x ^- x — =*[x(x 2 - I)" 1 ] 



x • - 1 



(b) f : x -> 



/ 



(c) f : x ->rog e 1 + x g , -1 < x < 1 
' 1 - x " 
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8. Find the tangent line to the curve at the point indicated: 
2 * 



(a) y = xe" , x = 0 

-llx 2 '-. 
. (b) y = e , x = 1 

(c) y = sin(* - x 2 )^ , x 

(d) y = log^ (1 - x 2 )^ , x 



\ 



1 

2 ' 



. (e) y = e e , x < 0 

x v = e 



(f) <y=(e x )*, 



9.. If f(x) = (Ax + B)sin x + (Cx + D)cos x, determine the value of constants 
A, B, C, D such that for all x, ' f f (x) = x sin x. 

10 If g(x) = (Ax 2 + Bx ♦ C)sin J- + (Dx 2 , + Ex> F)cos x, determine^ value 
of constants A", B>* C, D, E, F such that for all x, g'(x)= x cos x. 

is sometimes used' for the value of the derivative 



The notation- 

. . dx 



x=a 



of y at. x = a» This notation is used in" the- foJ,loxRng problems. 



^ • 1 - Find & 
at 



t=l 



dy 

.dt 



t=t„ 



d X. 

13. Let y = sin X and x = t + £ 

: r V- 

lU. Let y = f(x) and x = h(t) . Express ■ 

s ■ k 
15. Let y = f(x), x = h(t),' x Q = h(t Q ). Show that 



dx 



and" & 
dx 



,x=l 



in terms of, t^. 



h(t 0 ). 


Show 


d^i 

■ dtJ 


t=t 0 


"~ dx 
dt 


t=t 0 . 



X=X^ *TT~ 



16. Find the following: 

- (a)' D sin x| x=0 + D sin xj^ 



& 



2 * 
■(b) D(x +. sih a "sin x) L £5k / 3 
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(c) £(x 2 -a 2 ) 



(d). D(f(a)sin x + f ('x)sin a + f(x)sin x) I 



17.. Let y = f(t), w = g(t), t =*h(x), 



x=a 



( 



dz dy dw 

.: (a) Using Leibnizian notation, find — in terms, of , ^ and 



dt 
dx 



dz 



(b) Using (a) express — 



in terms of f, g r , and h f . 



x=x^. 
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8-7 The General ' PowBr and Reciprocal Rules 

A special case of the ■ chain, rule, known. as the general power rule, occurs 
so frequently that it is" worth discussing separately. 

' Suppose the values of the function f can be expressed as'. 

f(x) = (h(x)) a : \ . 

• where a is a fixed real number and h is a function. In other words^ 

f(x) = g(h(x)), * where* h : x -> h(x) = u and g : u ->u a . 

-f • . ■ _ . 

If h is differentiable at x and if ^ a(h(x)) a-1 is defined (that is, g is- 
differentiable at u) , then the chain rule give^y - , 

f'(x) g'(h(x))h'(x). 

a -1 

Since g* : u -* au ,. we. can write this as / 

(1) \- * f'(x) = a(h(x)) a ;Mx). ■ \ 

This 'is the general power rule . Using the : D. notation it can be 
expressed as- - 



(2) ; .. .. 

i 

For. example, suppose 



^ a * a-1 " 
Du\ au Du. 



3 - 

f : x -> sin x 



that is 

f(x) = (h(x)) 3 , where h : x -> sin x. ■ 
The power formula (l) -gives • . * 

f.(x) - 3(h(x)) 2 h'(x) 

1 = 3 sin x cos x. / 

- As an example of the case when the exponent a is not an integer, con- 
. sider the function 

f : x - /x 2 + 1 = (x 2 + 1) 1/2 . 

The power formula gives 

■ f . ■ ' , • • • 
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r«(x) ■- »[(x 2 + 4) 1 / 2 ] . \U + 1)'" 1/2 D(x 2 + -1) 



= l (x 2 +l) -l/2 . 2x 



As an example of the case when a is a negative integer; consider -the 
function ... • 

1 ,n \-2 

f : x -» — 2 = ^ lo e e x > • ■ ' ' 

- ' (log e x) ~ ^ 

The power formula then gives 

, f»{x) = D[(log e x)' fe ] = -2(log n x)~ X D(log fi x) 

= -2(lo 6e x)-)^| 

-.2 



x log X 
e 



The case when a = -1 is soV^mportant that it deserves special considera- 
tion. Suppose the values of the fuhct¥bn f can be expressed as 

where g is a function. We can then write • r 

f(x)= (g(x))" 1 V 1 ' 

and apply the- power formula to obtain 

V. . f(x) = D[(g(x)) _1 ] = -(g(x)) -2 D(g(x))' . • 

= -(g(x))" 2 g'(x). 
■ _ -g'(x) _ . 

This will hold, provided g(x) / 0 .and g is differentiate at x. In 
words, *the derivative of the reciprocal of- a function is the negative of the. 1 .: 
derivative of the' function timers the reciprocal of ,the>v square of the function. 
Using. D notation, 'we summarize: • ' . ! 



gU) 



-D g(x) 



; We shall refer to this as the recl^Qg^l rule . 
For example,*, suppose- ' 

i « 1 



2 

«x * +" 2 



The reciprocal ^u"le gives 
: f f (x) = D 



_ D(x + 2) 
" (x 2 + ^>f 



. ■ (x 2 + 2) 2 ' '." . r . . 

A differentiation formula for the secant, function ; can. be found using the 
reciprocal rule. The secant function is defined by 

1 ' ■ 



sec: x -» • 



cos x 



The expression 



COS. X 



is not defined if cos x = 0, that is, if x is 



an odd multiple of |» . Thus the secant function is defined only for those 
values x which are not odd multiples .of ~ . ,The reciprocal^ rule, gives the 
derivative. ' % . 



0 



/ 



COS X 



(-sin x) 

COS^ X 



2 

COS X 



\ sin x 

.. 2 
cos X 



**• qin v 1 
Since tan x = _ _ „ and sec x = " this result is usually expressed as 



cos x 



cos x 



9 



D(sec x) = sec x tan x. 



A corresponding fprmula for the cosecant function is given in the exercises. 



Exercises 8-7 



Use the power formula to find 'the derivative or each of the following: 

1 



(a) x -» -/sin x 



(e) x 



(b) x -* (log x) 



it : 



(c) s -t (s 3 +. 3 s") 



(d) .-t-Xe*)- 10 



25 



( f r.t4'(i. + |)^ 

Cg) v ~* cos 2v 

t 

f. 

(h) x -* (I /t 3 + i at) 



dy 

Use. the -reciprocal rule to find . ^ if 
1 



l'/2 



(a) y = 
(b) 



5 



(c) .y ='^- 



.(d) y = (1 + log e x)" 1 

i *> ■ 

(e) y = — == 

/ * 

vx + - , , 

- I 

(f) y = (sin'x .;+ cos x)' 



1 + e 



Find an equation forN^he tangept line to each of' the following curves at 
the indicated point. 



(a) 


y = 


s m 3/2 (2x) , x » | 


"(b)- 


y = 




(c) 


s = 


A +1 > * ■ i' • 


For" 


each 


of the following 




(%) - state, where defined, 

(ii) ' ffnfj the .intervals of -iticrease'-decrease,^ 

(iii) convexity-concavity, j \ 
»■■»'-. * ,' • 

<iv) . asymptotes (if any), and, 

(V) "sketch. - ^ ,' 



if!- 



" ■ 5. ^jow.tjiat- eafcb*of .thf following fs **i increasing function 

- (a) X / x > 0 



*r& . * .1;, * v • 

6. ? F£nd, expressions for t*e derivatives^ 





y 


= sec^jf* = 


(b)< 


y 


= CSC <x 


<c) 


y 


= tan x = 


(d) 


y 


fc cot X - 



cos 


x^ 


* 1* 




sin 


X 


sin/ 


X 


cdfe 


X 


cos 


X 



sin oc 



Use the results of (a), (b) , (c) and | (d)' to obtain the following: 
(e) D(ten 3*) ' * 



.(f) D/tan 3x 
' (g) DTsec 2 x 2 ). 



(h) D(csc 3x) 



1/6 



(i) D[sftc(csc x)] ^* „ */..-. 

7. In what internals is the sfcant function increasing? convex? Sketch 
its graph. 

8. '(a) Find D(sec x esc x)* * . f< 

(i) in terms of sec x and . esc x ' 

(ii) in terms .of tan x and ; '^cot x 

(iii) in terms -or esc 2x and cot 2x 

t "■" ' . ' { • * 

... ' (b) Find ' - _ 

(ir) D(tan x cot_x) 

V (ii) D(sin x esc x) A d ■ 

(iii) D(<5*>s x sea xj ' ' 

,0 (c)'. Kind , ^ <• ' f ^ / , 

-(i) D(sin x coVx) . 
(ii) D(cos x tan x) ... % ? 

ft 



V 
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9. • Show that ... 

(a) D ( ta ; ( Vi *) ' = Van* x sec 2 x, k ^1 ' 

(b) D(^csc k x) = -csc k x cot'-x, k ^ 0 " < 

(c) D(cot 2 xj = D(csc^ x) ' 

#U\ , uv r - 1 

10. (a) Use the product and reciprocal rules to show that - 2 

.(b) d(V^-) , • " • 

V 3X - x' ; 




B-8. The Quotient Rule ' . 

By combining the product, rule and the reciprocal rule we can obtain. a rule 
for differentiating quotients of functions. Suppose the values of the function 
f can be expressed as c 

where p and . q are functions (and,' of course, q(x) ^ 0) . It is then 
common to write f = £ and call f the quotient of p and q. .Since - we 
q 

can write 



.f(x) = p(x) • 



the function f is ' just the product of' p and the reciprocal of .q. If p 
and q are diff erenti&ble at x and . q(x) ■£ 0, then the product rule gives 



f(xj = D(p(x) • ^y) 



The' reciprocal rule gives 

(q(x)) 2 (q(x)) 2 



. so that 



_ -p(x)q'(x) + q(x)p'(x) 



(q(x)) 2 



This is usually written. in the form 

(i) 



ft(x) = q(x)p'(x) - p(x)q'(x) 



(q(x))' 



and is. referred to as the quotient rule . With D notation it can be written 



(2) 



D( 



p(x)v q(x) Dp(x) - p(x) Dq(x) 
qT7T ) = • 



(q(x))' 




.In vords, the derivative of a quotient^ ■ the denominator times the deriva- 
tive. -of the numerator minus the numerator times the derivative of the denomina- 
tor, .all. over the square of the denominator. 

Example 8-8a . Use' the vquotient rule to find the derivative of the. tangent 

jt jt 

function and discuss its' graph in the interval - - < x < ^ . 



1 (tang 



The vtangent . function can be expressed as 

sin x 

> tan : x -» . 

COS X . 

This function is defined for those x for which., cos x ^ 0; that is, the 
tangent function is defined bnly when x is not an odd multiple of — .' 
The quotient rule gives the derivative 

, v ' /Sin x\ cos x D(sin.x) - sin x D( cos x) 

D(tan x) = D(— — ) = 2 " 

cos x COS X 

cos x(cos x) - (sin x)(-sin x) , 



2 

COS X 

.2 , 2 

cos x + sin x 



2 ■" " 2 
cos x cos X 



Since sec x = this is usually expressed as 

COS X 



(3) 



2 

D(tan x) ■ = . sec x. 



The function x -> cos x is not. -zero in the interval -■ |- < x < |- so 



that . 

sec 2 x > 0 - if - | < x < | . 

■Therefore, the tangent function is an increasing function in the interval. In 
fact the tangent function is strictly increasing on this interval. 

Let us denote the sedfcnd derivative of y = tan x by y" . We have 

v "y" = D(sec 2 x) .= 2 sec x D(sec x) 

=• 2 sec x (sec x tan x) 



where we used the power rule and the fact that D(sec x) = sec x tan x. 



J 2 
= 2 sec x tan x, 
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The second derivative ' y n =2 sec 2 x tan x will be negative for ■ 
- | < x < 0 and positive' for 0 < x < | } that is, the graph of the tangent 
function is concave in the left interval and convex in the right interval. 

As x approaches . | , cos x " goes to zero while sin x approaches 1. 
Thus the line given by x = | is an asymptote and y = tan x becomes large 
as x approaches | from the left; that is, 

lira . tan x = + 00 .• 

it <^ ... r ,..1.* ' • 

. x->^ .. -•- ■ 

Similar arguments ' show that 



lim tan x = -co- 



in 




Figure 8-8a 
y = tan x 




Rational functions, that is, quotients of polynomials":, '^cah.be; dif ?fir?^ r 
entiated using the quotient rule* ( Such a function is v :d.isc;i£s^ 
ing example, . ■ ' ' i / ; '..V^- ? l '■' 



Example 8-8b . Discuss the graph of the function i. 

x - l ; . ..'..»:.•; vV'. j.'; ■■; ; 

" This function is not defined when x = t 1- ; ijs ■: x -^^i'paxih^:. 1 ; +t ■ from 
the left the numerator approaches 1, while the /^enbra'in^te 'and 
near zero. Thus , |f(x) I becomes large and f (x)/'v'.peg6:tiVe/^ 

+1 from the left^ that is, f (x) approaches ; -A> J : f&tv&l&t',. .ar F jgume t ht : s show that 
f(x) approaches +« as" x approaches +1 from ^the ' ;f {■ ■ * " : . . / • 

Suppose x approaches -1 from the lefVr^., The^.ri^ -I,'.' 
while the denominator is positive art'd • apprQa6^s''-^6 , ftAV;jI^iu3'' : a.s \^ik;^^Vapproache6\' 
-1 from the left, f(x) approaches' ■ ; ."V> ■ / ' 7/; . ■ 1 . '* ' 

To discuss the behav.idr when fx] Is la'r-ge vip:' r^itite.':the ^xpression'.f on' 

, ■ - . •'; . ? ; ■■.>:-V": •>.•••<■;•• -- : v.£:>\ /' « ' v -;,'•"■. 

f(x) as . . ; t V:;^/^:/-;^^*-^";;^^,: , ,:/■;/ . . : 



x 3 

X 



X, 

-♦ If I x I " * is la rge , the expr ession i n. the 5 ; /par^fti&e 3 £ sv'-i s '/.nearly ' 1 . Thu s 

i.i : m. » 'Hx) ~ +oo and • Urn . f =» ~ - ; 



Note that ' -f •• is continuous .except .:w-he.nv- x :>*.t ; 



1* :-'$ot- ex^a<l?le, if 



sly 3 2 f 

a ^ i 1 then as. x. 7 approaches.' \a*, ■: the/ nuhtera^Qf*, ^'pFbdjjJ^? 1 -. a a *- 1^ 
while the " ' J 



3" 2 
a J + a- - 1 



d e n ominator approaches a: - 1 • . , Thus- X(x) Approaches 
— '= f(a). 1 This is. iilus.trative; ot'!the : !f.act' that' a rational function 

is continuous except at-. tiie/zeroB' of ^^^A'^^i^^p^v-^]:'' ■".'.-! 

We now d e t'e rm i ne ' t h e in t e* r Is . pif - : 'in c rje as e : a rid. . ;d e'c r ea s e ' • , Th e . quot i ent 
rule gives: ' . ; 'J:' .* '■ - ; v^-.V. : . ' 



v - U 2 - l)D(x 3 ♦ x 2 - 1) - (x 3 + x 2 - l)D(x 2 - 1) 
V f (X) = (x 2 - I) 2 

' (x 2 - l)(3x 2 j - ^ + ^ - l)(2x) ' 

(x 2 - I) 2 

x^-3x 2 • 

= (x 2 - 1) 2 ' , < • ... : 

The derivative f f ' is a rational function, (in fact, the derivative of a . 
rational function is always a rational function.) In factored fornv, we have. 

ft(x) = x 2 (x-^) ( x.^) , 

(x - l) 2 (x + l) d 

from which we see that the sign of f 1 is determined by the sign of 
(x - -/3)(x + ^3) . We conclude? ?:V 
the graph of f &s rising when x < -/3 or x > V3 and • ; 

' is falling when -/J < x < -1,. -1 < x < 0, 0 < x < 1 or, 
1 < x < /3 • y 
An analysis of the/.sign^of £ i^to. determine convexity-concavity is quite 
lengthy and will be omitted- 'The : 'graph of f is given in Figure 8 -8b. '! 

3 2' . 3 ' . 

, \ x J + x - 1 x^ - 

f (x) = p = -g- + i . 

x - 1 xj> - 1 

• : ' ; £(V3> ; = ^ ^T- + ^ ; = ¥ + 153 3 ' 6 " > •*.' 

'f(O) =1 . '•■ 
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Figure 8 -8b 



•3 2 
x 2 - 1 - 
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Exercises 8-8 



Evaluate : 



<»> D .(r# ' (J) D (rf?) 

(d) D ft 1 : (i) D(c6s x sec xV 

(f), D {7-^) >) i)(l + log e x) ] 



2^ 



(h) d (4^) 



2 
x^ 

2 



Show thai D(cot x) = -esc x. 

Discuss' the graphs of each of the" following, as in Example 84)a, b. 'Sketch 

, \ ' x + 2 •■ \ 
(a) y = -p . t 

x - 1 ' " 

<<^> = rrxV 

Find / " • ••. 

f*A g *-.. 

(a) V sec x dx 

J 0 . '. 

• fo •■ . . . . ■ 

(b) I sec x tan x dx 

J -it/3 • - V*\ . . 




8-9, Inverse, Functions '\. . ' 

. Let" us review our discussions of 'Section 5-1 and 6-1 where ve*Sef in& the, 
square. root function and -found its derivative. The function * ^ ; * .-. 

g : x fx , x > 0 ' v - - 

is a strictly increasing function and its graph meets each horizontal line 
given by y = q, c > 0. In other words . . 

'■' . g(x x ) < g(x 2 ) if 0 < " Xl < x 2 

and each nonnegative number c is in the range of g; i.e., 

•function % .... 

6 ' - - i 
; * - v f : x -> Vx ( ^ 

is defined for each nonnegative real number, c by ■ • 

. '.' f(c}\= d if 'g(d)' = c; \ 



gl«;, The 



. .This de- zffi 



that is 7c: is the- nonnegative .real number ; . d y^uch that ' c = d' 
fines a function '.f , t since for each c"> 0 there, is a unique d > 0 such that, 
c ='d 2 . This follows from the fact that -g is strictly increasing. i; 
*The graph of is obtained by folding the ' graph of g . over the line 

given by . y = x; that is '-^ 
*. * 5" ■ ■* f » 

(c,d) "lies .'on. the graph o'f- f if and drily if (d,c) • 

• ■ ■ r lies on. the graph of' g. -,(See Figure 8-9a.) •■ 1 . 




•Vx" 



The tangent 'to the graph of g at (d,c). is given by the equation 

y = g(d) + g*(d)(x- -.'d) = d 2 + 2d(x - d) . 5 

If ' c *> 0 then 1 d. must also be* positive and this line folds* over the line ^ 
given by y = x into the line whose equation is 

y = d + ±u - d 2 ). v : • , 

"This is the tangent to the graph of f at the point (c,a) . Replacing d by 
Jc, . we see that the tangent to the graph of f at (c,d) has. the equation ' . 

- . . \" y- = /c + -i— (x *- c) . 

The' coefficient of x is the derivative of f at' c, so that 

(2) f'(c) - — , c > 0. 

'. 2/c 

' This same method- was used to define 

. . .f : x -» log^ x, x >0 

, '0- . . ■. . 

in terms of -.the. function g : x -> e X and to obtain the -derivative formula 

• i .' * 

/ x ... •• 

In this section we discuss. a general form of j the folding process. Suppose 

the function . g is defined for .those 'numbers -x- in an interval I, which'may 

be the entire real number line (as in the case - g : x -> e x ) 9 a ray -(-as in the 
■ 2 

case g : x -* x- , x > 0) , or; a line segment. Suppose' further that g* ' is con- 
tinuous at each point of I and that' g is strictly increasing; that is/ 

(3) : g(x-) < g(x ) if x 1 and x' 2 are in' I. and * 1 <-x 2 - ' ■ 

If we fold the graph of g over' .the line given by y. = x, then" .we obtain^the 
graph of a function f. The function is called the inverse of g" and ic 
defined by " . 

. . / ' . f(c) = d if" g(d) =-c; 

ttiat is, f(c) is defined for' those numbers .c .in- the, range of g .(meaning 
that . • c = g(d) for some d in i) . This defines, a function since for a. num- 
ber c in the domain of . f * there is exactly one number d in I such that 
g(d) = c. This follows from the assumption (3) that g is strictly' increasing 
That the domain of f is an interval' is a consequence. of the assumption that 



g "• is- continu^. In the appenHices,: it .will, be shown that the inverse f is 
continuous at 'each, point .of ..Its domain*: / 

The" graphs of ,f .aiid . g : , are .related 'by- the condition ■ . ; 

■ • (c,d)/ lies on the. graph of V/f- if and only if (d,c) 4 
. ' ■ " lies on the graph of g; * 

that isy/the graph of the inverse : f -can be obtained by, folding thg graph of 
g " over the ' line g3.ven by y = x. ;. •• . . ( 

\-r'- > -The -folding process used to find ffie derivative, of 'the square root func-, 
tion ^lso; works in- the^general "case . Suppose f is the inverse of the con- 
tinuous function -g .'and that : ,g(d) >.0.-' The tangent -to the graph of g 'at 
(d,c) .hasHhe equation J ;\ . J , • • . 

■ "Jteis fpfds 6yer>the : ^Line \feivenvby' -y.-f - * into the line whose _ equatio^ is , 

■ : • "V^-" ' - ; - '••k/ y = i%r (x " c) ' ' ■ ' .■ ' 

the. v equation of the tangent line to the. graph of the inverse f at the point 
(c,d). The value ; f •(c) is the coefficient of x, m 

- '^'/^ V * 

..^ To' bb tain a'. formula for;': .f '( c) . . in terms .of ' c, : we replace d by. f(c), 
; to obtain the inverse - function rule: . .. 



i- - 



(5) 'V : : ' -^.(c) > ■ ^ (: ^-y ) ^ ;;.if g?(f(c)) > 0.. . - 

The geometrically' intuitive, folding process can be justified by rigorous 
, arguments, Jh the appendices it is shown that. limit concepts give the same 
results; that is, • • T ■ ' v 

fCc + h)' + f (c) . ■ 



■ lim. 
h -> 0 



is indeed equal to g t( f ( c )) 



fief i-nitions anffSsfcrivatives of the inverse circular function's can be- ob- 
tained using this process. : % ti . . . ■ . vjr 
- • , \ • . - " ■ fig'' " ■ " " t" . V. ■ 



. The Arcsine Function , ..!'"- * . . ■/ 

If we restrict the sine function to* an .interval, in vhijch it is strictly 
increasing then; the method? ye have been using, can be applied to obtain an 
inverse function. .It is conventional to use the interval' |- |"J< x'< jy_ . The 
.function, g ': x sin' x is . strictly increasing on this', inijerval . -Its • inverse • 
function f is usually " ca$le$l the arcsine '(or inverse sine) f unction, \ and' 
denoted by arcsin. The range of g is the'interval -1 < jx < 1 so that - ' 

f :-x -» arcsin x \ ' 

■ \is defined.for -1 < x < 1. Its value at c, ^arcsin c, is*that real number . 
. d, such that * ■• .' ' • " , 



3 



In other Words, 



.sin.d = c and . "- -?y <■ 4 < 3y ■ 



(6) 



f(c) 5= d if and only if. . < | ^nd sin .d = 



ST. * ; 



.For example, 



sin 0 = 0; sin(r p = f ;sip - =1 . 



so- -that 



arcsin 0 = 0; arcsin ( gO = - jj- ; arcsin 1 = 2 



/fftae' graph, of f : x arcsin x ' can be. obtained by folding the graph 
.^■:4-> sin x ' over the line given by y ■ * x, as shown, in Figure ~8-9b. ' ■, 



£ = arcsin xy y 




sin x 



A." 



Dn "rule (5).,. we'can 



^Using the; inverse- function rule 15)., . we .can express the .derivative of the 
arcsine. function f- irx terms-' of ; the site function We< haye^ • \ ■ • 



f(c) 




jf^g'CfCc)) > or 



In this cage g 1 - : xiSTx,' so^hat 

' g'(f(c)). = cos^arcsin c) / 
and we have ' \ ' * '■■ 

■: ■ • ■■ . . 1 ,m ' . M • 

f tfcV "= 7 — ~~~t~ r if cos(arcsin c) >.0. 

x . i : c6s(arcsin % cj . * ■ . 

' . «i ■ ' 

Referring to' Figure o-9b we see that 



.' . cos(arcsin c) = Jl - 
and hence, we have 
1 



f(c) 



that is, *■ - % 
(7> V, 



if' I' ; qJ < i;- 




■•■ft 




' The graph of the arcs-in function has a' vertical tangent -at X. t 1* ^ This 
seems. reasonable as ve recall the fact that the, sine function has a horizontal 

tangent, at " x-= t. %' h -V v ' 

• a , 
i * ■ \ The integration formula- corresponding to (7) is. . ' 



(8) 







n 












— — — dx- = arcsin x, 


|'x| < 1. 






J. 

















\Thus for |a|; < f and [b | < | the Fundamental Theorem, gives^. 



arcs-in b ^ arcsin a 



dx. 



- . vl - x 

^Replacing b 'by t,/ a ..by ■ Oy and using the Jfcct -that arcsin 0* = 0, w* 



' have 



\ (9 k* 



' - ?' »* ft 
arcsin 



•* 



Theffirctangent , Function 



The function g defined by ^ ; 



■ 'g(x) = $an x, - p j£ i 



is Strictly increasing and continuous ^^Furth6fmore.,^the range of g is the 
entire, real line; that is,, if' c Is ^ny'real number, then there, is a number 

_ ■ _ ^ ° . It 3t il" 4. ~f _ rp Vic -i mi ^t-co ' fiinV+.-i rm f _ 

? 

n\J 

/ : 



d, between* | fed | , such =t hat g(d> = The inverse" function ^f, 
known as the arctangent f ungt^^yT^ a cc^dingly^def.ined for all real numbers 
c. as^follovs:* . ; v. 



*10) : 



p f ( c) - e^rctaji p*"is* real number d between 
' £ *.nd , such tha#. <v, tan d =,c* 



■* ''Graph of y = arrctan- x k and. : y = tan x :#re sketched in Figure^8-9c. 




The inverse function formula (5), gives 

1 



sec (arctan c) 



since D tar? x = sec 2 x. Referring to Figure^-9d we see that 
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V 




Fi-gure^ 8-9 d 



J 



and hence 



2 ' ^ 

sec (arctan c) = 1 + -c 



ft( c ) =■ 



1 + c 



This "fraction is always positive. summary, we. have 

(11) ' r • 



D(arctan x) 



I 4 



1 + 



\ 2 ' 



and the corresponding integral form 




t 
f 



-v. 
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Exercises 



Determine the domain and range and draw 

(a) f :- x -» arcsin (sin x). 

(b) • f : x -» sin (arcsin x.) 

(c) f : x -* arcsin (cos x) 

(d) f : x -> cos (arcsin x) 

(e) f : x -> arctan (tan x) 

Derive the formula 



raw. the graph or t 



graph or the function 



D arccos x = 



Derive each of . the following formulas, 



(a) *D arccot^x - 

(b) D arcsec x = 

(c) p arccsc x = 



1 + * 

1 



|x|-/x 2 - 1 



-1 



Evaluate: . 

(a) D (arcsin x + arccos x) 

(b) D (x arcsin x) 

2 

(c) D 



(d) D (arcsin x)* 

" 1' 



(4 c ( rr 



X 



Find lim 
h -> 0. 



arctan x ■ 

arcsin h 



arcsin x 



, . ^ /l - arctafiX\ 



(Hint: What is the definition of the derivative 



— t* . 
of f(x) .= arcsiri x at x = 0?) 



Find ft if. 
dx 



(a) y - arcsin x 

(b) y = arctan .(3x + 2) .«* 



(c) y = 



arcsin x 



(d) ;■■ y = e x arcsin (— ) 



7. ; Evaluate 

(a) \ 1 d> 



J 0 1 + x c 



(b) 1 at . 

J -AO 

■"'8. 'Find ,"F*(x) if F(x) is given by 



(a) . [ — dt 

J 0. 1 +" t 

(b) (** 3 ,at 



7 



T sin x ■ - 

Jo . • l + t 



9. What is . lim 1' — dt? 

n -> «> J 0 1 + t. 



X0. Show that each of the following functions g has an inverse f and 
find the derivative of f. 



(a) g : x ^rri , x > -1 

(b) ' g x -> x |x | (a sketch is^ helpful.) 
11. Show that if f is. the inverse of g then * f fg(x) ) = x for all x in_ 



the domain of g. Assuming that f artd g are differentiate ■ apply the ■ 

chain rule to obtain a formula for the derivative of f. *s this the same 

/v 1 ■■ er- 

as the rule (5)? ."■ ■ ' ■ \, «. ■ '\ ' 

'l2.. Suppose ■ f * and f g - are the respective inverses of g x . and g- Let ■ 
g be the' function defined by g(x) = g^g^x)) . . • . 

< ; a) FJ.nd an expression for the inverse of v g. " 

.•'::* (b) Use this method tb'- f ind the inverse f of - x*-* (3* + 2) , x > - j . . 

(c.)r t What is the derivative of the function . f*. of part^ (b)? * 
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Suppose f is the inverse of g. Put y = g(x)y x^Jffy}.' "Show. that. 



dx 



y=a . dx" 



(The symbol ||- 



t=a 



• *■■*■..■ * ■ * * " ■ . • * • " 

means the value of' the 'derivative- of ■ s, . - consider ed; : , ( 

as a' function of t at the point where, t = a)-. This' is, the : basis; for -the 
mnemonic expression of the diverse rule-: ^ =* (|^) m -\ 9 . .' . j •'. 

The notation' of Number. 13 gives a method for finding. iderivativ^s'.-. For. / ' 
example if y = arcsin x, then x = sin y ■ so ^ ' c&s . y - and, hence. 

«r ■ • av ,' ■ 



dx cos y cos(arcsin x). 



>Use. this .method to find the derivative of 



2 : ■ 



(a) ,y = arctan x 

(b) /y = log e x 



(c) 

■ K (d)' y = 



'•■ 8-10.. ' Implicitly Defined Functions ,, -y *- ■ • ; 

■•. •' ; A function which is described in terms of JraV^i.^^tions.«ri,..«(M .. . 
••' compositions and' inverses of, known functions is .sa.W' to-be defined explicitly . 
• ■■ ■ jj£ master; how complicated the. description, if it. is 'explicitly defined in' . 
• '■• ' terms of differentiable. functions we know how to differentiate the". function, 
v •,: '..Ypu' should,' if , -pressed , Wyble.,to diff erentiate :; the explicit -concoction,. ... 

:Tl/2- 



i ': ^V(U-;v^^ :: W : v'- ; :^f-. = arctan 



. / ,,sin x /, 

rV + ,A + 3/— - + . 1. 

■1 *V x- ■■ ■ 



a ",-fi^ ioil * s "^ ef in * d indir-ectly or-/ impltcitqfr . 
.,'« . .Thus .the'-cbftfiitidhs/ V r ;- • ; , . ;/\ v 



v , , ....... ■ • - k • '♦v'^2*.'\"3 '• sail: x. \r *' " v 



I 



■ I ; ^ ^5mi^^ne s . We/ca^ Junctions defiried, ' ^ 



xmpl^cifly. ■■•This 1% the 'ca^' f of' (2% 'whgch h|pt 
, We put the implicit, rf^^tiSn^^?) *:.h "the-'f o'i-m 



4 ..< ^i rt d•.|eoO S ni^G that .thiK- is Quadrat ic eouatioT. l'or_. tan 2 ^,. Solving, ; . 



"MX 



.' ' wtere the positive ^ur^ ro^ ^ been ta^since tan ;y is positive. ^ 

' s^ing : ^s^ : :^m 'Si^ arcia ^f of bdth . sides?gives M siRce .'T 



v.-. 0 <: y < p ^. 



■ in oth4r^ cases the?e is e i tee V jfc^uxyalent .explicit definition of a • 4 

[' functian.aefinedrimpTicim « • 

-\ •■. ■ ■' • :\" : :-^^'^V-- : - r . 

i« '-provad&d •t)^.''tne;v^l-a^i^7.-;.,' ; : : •; V' i * i : ^ ' . 

.■•;>. ■• :v*-- ■•■ ' A<4 ' » yv^: • ?:f ■•• 

; V (-S)."!.'. '' ' :V * : \ .V .x -.aj^^a^^^ + z^j= w sin x. t r : ."V : -' V^'/V C 



ft" 
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This equation determines a" unique value z. for every number x; that is, it 
.defines a function x -» z but we are unable to obtain an explicit expression 
for z . 

It is easy to see that (3) defines z as' a • function of x. For any 
given number x, f : z.-»x arctan z + z is a continuous function and has 
arbitrarily. large values, both positive and negative. Hence (by the Inter- 
mediate Value Theorem), there is some value z for which (3) is satisfied; 
since f is ah . increasing function, that value must be unique^, and the func- 
tion x -* z is defined implicitly by relation (3) • 

. For ■ the function defined by (l) we know that we can differentiate y bull 
the execution of the' differentiation wtould be a' punishment.. A much more con- 
venient way to find the derivative is to start from (2). Applying .the chain • 
rule and other techniques of differentiation, ; we obtai«n 

3(tan^ y + 2 tan 2 y) 2 (U tan^ ; y + k tan y)sec 2 .y • — 



dx 




0, 



.which is easily 'solved for. ^ * 

. ; 
..' It is true=.thaj: the ;f or mula /obtained in this way will Vt'^eif be somewhat „ 

implicit-,'- si'nce/it^will express in' terms of .both x and- y y . unlike the 

one we could, have obtained : 'by differentiating (l) directly, where only x\ 

would have appeaajgd. on &pe. right side.' vie can still get a formula involving 

x' alone if • we liBflt it,^by using (l)<. to eliminate y, but it. i-s clearly more 

convenient to write y> . instead of the complicated 'expression it represents.. 

For most purposes, we' do not need the completely explicit formula for the 

derivative. If we -wish to find the value ■ ^ for a -specified value of x, 

for instance, we can first compute -the corresponding Value' y (explicitly. 

from (l) in this' case, but by numerical approximation i*n moSt practical prob- , 

lems) , and- then 'compute ^ .from the shorter formula. ■ 

. From- (3) .we obtain no explicit formula for z in the first. place. But 

d z ' ' ' ( 

we can, still obtain a formula for — by implicit differentiation. ^Thus, if 

ax ■ ■ 

z is a dif f ereritjlable function- of x, we- may' apply the rules of differentia- 
tion and obtain . ' , ' ■ : > 



• • . 2 • . ' 1 dz ' dz - ' ■ 

2x arctan z + x ; — + t— = cos x 

• ■ , d dx ax 
• 1 + z • v • ■ 



or 



<3z ■ . cos x - 2x arctan z 
dx ~ 2 ' 

* 1 + z ■ 



If we wish to evaluate, this for a specific x, we -will first have to find z 
from (3), probably by some approximate numerical technique. 

/. " ■ „ ' ■ "dz . 

' We emphasize' that we have hot shown- that (h) holds, merely that if ^ 
exists' it must have the value «iven by'(U).- There is in fact a^ theorem which. 

•applies under rather general conditions -(-which covers the present case and' 
most of those that arise in practice) that if an equation defining 'a function 

•implicitly can be formally' differentiated and the result solved for the d>riva- ■ 
tive of the function, ' then the derivative of the function exists, and has 'the 
value, found. To prove, or even precisely state', this theorem would take-us , 
too far afield; hereafter we. shall use -implicit differentiation freely to solve 
problems, without each time' reiterating the warning that the derivative has. not 
been proved to exist. / , , 

That we cannot solve for /he .derivative at every' point even "though the 

' function is well defined is illustrated by the .example 

(5) / ' + x u = x o . 

" which defines u Unambiguously for each x.^ Implicit, differentiation yields 

V .. T:, 2 ) g ,^2xu = 1, , 

■U. ■ ' ' - , ■ ' ■ 

■ " ., , l» 2 ' • ' " 

which can be solved ..fdY v '. g. everywhere except where, ?u- ■ * ;X vanishes. 

*a '• ■ V ' ' du 

Since from (5) have u = 0 when x = 0, " we cannot solve, for — at _ 

« x - 0. In*fact, u is not diff erentiable at, x = 0. 

Even if a function is diff erentiable. at 1 a . given point the method may- fail. 

.For instance, consider, the- implicit definition 7*/; 



(6) 



v 5 + v 3 



X" 



dv 



: A s before, at- x ^ 0 'we- have ' y '= 0 andjjji^fSEtion : .f or — * from the \ 
' implicitly differentiated result 

• ' ; ( 5 v u + 3v 2 ) g.= 3x 2 / / .. : ' ■ • ; 

In this .case',, however, there is a. derivative at x = 0, and we can find it by. 
writing (6) in the equivalent form ' 



i 



. . .. v(v 2 <> i) l/3 = x 
and then differentiating: . 



This gives- |^ = 1 'at ' x>= 0. 



( 
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Exercises'' 8-10 



For positive'' x, if y - x r , where : r is a rational number, -say 
r : = £ (p, q 'integers), then y q = x p . Assuming the existence of the . 
derivative, Py , derive the formula . Dy = rx r_1 using implicit differ-' 
entiation- and the differentiation formula Dx 11 = i£? , for integral n.v; 
For each of the following, find' 'y» without solving for y as a fujc- , 
tion of x. ' ; ■ • • 

(a) 5x 2 + y 2 = 12")' • . 

(b) -2x ---y 2 + x [.-. > = 0 • , ' . " ; ' ^ 3 

(c) y - 3x + 6y =.12 ■ • • .. . 

(d) . x? + y 3 - 2xy =. 0 V - .;• ; . : . 
"For each of the Allowing Use implicit differentiation to find Dy. . 

/ N v '• 2 r- - x 

t«) x = — . i; • ■ . .. 

* 2 2 3 •'" ' " 

(b) x y + xy ':= x. •. ' • :'. 

(c) xV = l0V(m, n" integers);. 
. (d) /xy* + x = y" 

Each ,of the following defines" if as a funclfioi^of y. /UbI implicit diffe 
entiation to find |^ . / ; ' 

(a) x>^ + yVx = aVa . . * • 

"(b) 2x ■+ 3xy.+ ; y. -2y + 1 = 0 • . • v 

..^(fe(x - y) 1/2 .- (x.- y) 1 ^ =. v - • ;X:v . : 

* \ p 2 2 ' n ■ ° ' : 

\(d).-.;. 3x + *y = y + 5 * - - "• ; ; 

'(e). ■ U"x 2 +-3xy - 7y 2 = 0 . •.' ; . ■ /. ^ . . , ' - ' '/r 

' For each equation, find the slope of .the curve represented, at the stated 

' (a);V ; 2x 2 + 3xy .+ y 2 + x - 2y. .+ 1 = 0. at the point (-2,1) , - \ ■ 

' '(h) x 3 * y 2 x 2 + y 3 > 1=0 at the point (l,-l) , • 

( c ) x 2 '; X v^ 6y^ = 2 ,at the point (V,l)- • v 



(d) x cos y = 3x\'r 5 at . the point (V? , J) . 



6. .For, each equation,., find the. slope of . the curve represented at the point 
or points where, x = y... Give a geometric explanation for these results 

(a).' x 3 - 3W.f 0 ' ■ 

£b) x .+ y - 2 

r ^(c) x v + y > 2axy ' , . ' < ■ • , v 

7,. Find y» by implicit differentiation.- . : "/;. 

(a) " a sin y + b cos x = 0 . ■'■["■■"' * - 

(b) ^ x cos y + y sin x = 0 . . ;. : 

(c) sin xy = sin x + sin y , 4 • . ' 
.(d) csc(x + y) = y ■ ■; 

(e) x tan y - y tan x = 1 .' , '[ 

(f) y sin x ='x tan y ' \\ ■ J 

(g) xy + sin y = 5- ■ , * • . : 

8, If 0 < x < a, .then the .equation ' -x^ 2 + y^J^ = a 1 ^ 2 defines y as. a ' 
function. of x. Assuming the existence of -tbe derivatiCeT^^ow without 
. solving for y- that f , (x) is always 'negative . . 



Appendix - 3 - 
v. • ■ •'. -i^Vf- 

MATHEMATICAL lOTUCTIOft 



A3-1. The Principl'e of Mathematical ^Induction 

>( The ability tb 'foim .genefal^ hypotheses in the light , of • a. .limited mumber ' . ' ^ 

v ..of facts is one. of the; most important ' signs" of . creativeness in 'a mathematician. 0 , 
: : • . .Equally important ±s; the) ability to prove these guesses. The .best tfey to show 
" ■ : how to guess^ap a general principle_ from" limited observations is jbg^give,. 

-examples. / ' ■ : '♦■ - . 7 * ■ 

' Example A3- la . Consider, the .sums* of consecutive odd integers:' \ 

' ! . . . 

' ' * '■ • - ■' ■ *"'••:!■ ^ • ■* 

1=1 ' ■ 0 

i + ■■3 . + 5 = ^ ^ - ' e ' ' " ' •• 

' : ' • -T . ... ..- « • , ; 

. , * . ., \ 1 + 3 + 5 + 7 = iS- - ; . . V ,% ?■■■■■ 

• • V .... I t 3 ; . + 5 + 7 ,+ 9 - 25. : ' ■ ; ■ " 0 

. 'Notice that in each case the. sum is the square of the numbep.i^-^ra^&J'. * ^ ; 

■; • ■ . ;• '• . ... •» ' -. • • ■ ^^^::^0::^2 ^ •••••• -* 

.V .\ Conjecture: The sum g>f. the 'first n odd- positive intege^.'fi^'n . 

' ' • ° . • . ' 9 - ?: — 

? - .(This is true.. Can you. show'it?) ' : "> . ' V .■ -.^ ^ 

„ ■? * ■* * . 

> Example A3- lb . Consider the following .inequalities : ? 

•j \: 1 < 10Q," 2 < 100, 3 < 100, h < 100/ 5 < 100, etc.. 

.- rt ,; . ■' .Conjecture: ^All positive integers are .less than 10o/ (False, of . ; 
^- course. ) - . r 

:^ : " ' Example A3-lc . . Consider^ the number of complex zeros, including the"' , - 
'/ repetitions, for polynomials of various degrees. \ . ' 
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// ^ro. degree: & 0 «. . ;' "'' . jio Zeros ' (a Q 0 ^ 0)." . « . V "'. p 

:First degree: '■~a 1 x°+ra^^ ^T^S one .. 2 . ero at '. x ( % r ^, •, -'' ^ »■ / | 

'.■ 'Second decree: b.JP. + a^x : +-a^, .. -.; -two zeros at-.'; v .' t .!■ 

" . 2\ i,, : • V ■ • ■ v • : ; — ■ :■ * '! 

. Conjecture: Every polynomial of. .degree ;;.n ■ h'as« exactly /n- complex "'■ j 

.zeros' when' rejjpt it ions. are counted. (True.; )_'., . ■/» : --y ' .. • ■ ' j' 

■■■■V ^anrole ;, A3-ld. '.Observe the Operations necessary ' tov ; c^wteVtke roots 

from the^otffficlents'" in Example A3- lc". . . / -. - .\ * . '* ■ 

• «/: / : ; ■ ; ; -.- -. ■ . ,: ; /.■■/ % 

. ' . •■■ Conjecture: ' The zeros of '„ a poiynomi'al of degree, n *c& be .given In' 
terms of the coefficients by a formula* which' involves only addition^ subtrac- 
tion/, multiplication /.division, and^t^e.- "extraction of foots. (False.) 

. •/ \ Example A3-le ." • 'Take .any even: number . except , 2. and/ try to express it as 
the sum' of as few. primes as 'poasiT^^v-" '"- • ' •„ 

- , < ' , \ i 

V. • ' /> \' ;f « 5 -k 7, fH.-'- TV 7/ .-etc.-. ' ; 

Conjecture: ^Every even number but 2 # can be expressed as the sum. of/, 
two/primes^ (As" yet, no one has been able to proVe or, disprove this conjec- 
ture.) : ; ■»■'•;. ■ ':. . -v.. ^ '.. . 

•: . "/ '. " , s . ■ 

. ■ . ' "Common to-'all these example's is^ the fact that' we ;are trying to assert* r 
some thing:, about, all' the members ot' a sequence ^of things: . = the" sequence of odd ^ # 
integers^ "t*he. -seque/ice .of positive .'integer^, the *ge.quence of -degrees of poly- 
nomials/ the sequence r of ' even numbers' greater than - 2.. ' The sequential char- 
acter of .the prol^lems: natural!^ ieadssto the idea of sequential proof . If '.we. _ 

- knov^somelfhing is Itrue f or^the firs1^ Q few members' of '-the ... sequence, can we* use " : 
that result ?to 'prove its truth for the next .member jof the' .sequence? .Having *" ^ . 

'done .that,/ can we • now carry the- proof on 'to one morje member? Can. we repeat 
the process indefinitely? • , , ■■ :■' ; v V * 

'- :Let-us v try the idea of '^sequential proof v on Example A^la. . . Suj^ose^ ve know 
: 'that. for. theifirst k^bdd.in^geKS . 1, ^'5, '2k - ly ■ ■' /, 




2 



(i) ' ' . i.^^m^r^ - r) >; > / 



7 



can we prove that- upon adding -the next higher odd number (2k.+ l) ^..obtain V 
the next higher square? V ^o^"^ ve have at oncie. by ..adding' /" 2k + 1^ on bot^/ 
.sides, / I V ''-':^' * 



[1 +; 3 + V ; 5 '+'... + (2k -Vl)] V(2k' .+ 1) 



k 2 + (2k +•!) = (k + l') 2 . 




It is clear that If the conjee ture^.of Example A>la is true,. at any stage then it 
at^the next stage.- Since it is true fqr the first stage, it must be 
§| the secoD^stage, therefore true for the. third stage, hence. the ^ 
the fifth, and so on forever. ■ _ ■* ,^ 

y^ iixample A3-lf .. In many good: toy shops ".there is a puzzle which consists of • 
three pegs an'd'a se . .of graduated discs as depicted in Figure A3- la. -The problem 
posted* is to transfer, the pile of discs " from one peg to another unfler the, 
following rules: ■ ■ 

;l; Only one disc .at a .time may be -transferred from one peg to another. f 

/ 2 No di<sc may ever be placed, over a smaller disc. 

' J ■ I . .. 
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Figure A3- la 



'Two % quest ions' arise ,natuf ally : Is it possible to execute tK&'-t'ask under 
'the stated restrictions? .If it-is poss.iblW how many/ moves.- does it take to .V 
^complete the transfer of ' the ' discs?' If tX \ere* -not^or the> idea of sequential; 
^roof, one might have .diff ioulty in- 1 attacking these, questions . • . . * " ;•. | 
' ■ '^SP is',- we ^obserye 1 ttoi-^aere is no problem .in transferring one disc* , 
;. If^'Le have to transf eXffro. discs, : we 'tr^sfer one, leaving a peg- free for 

■*he secor/d disc;' we '-then transfer, the- second disc .and cover with' the first. 



If we have to transfer three discs, we transfer the top two, jas above. 
$his leaves' a peg for the thirst, disc to"'which it is Then moved/ and the fi^t 
. two discs' are then- transferred to 'cover the third disc. 

The'paij^tem has now ■ emerged. If we -know how to.transf er k discs, we 
can. transfer, k +* 1. in the following way- First,, we transfer k discs ^ 
leaving the . (k + l)-th disc free to move to a new 'peg 5 we moore the (k + l)-th 
*fcdl : sc and then transfer tjiev K -d-isc^" again to. cover it. We see then that.it 
. ia possible -to move any number of graduated discs from one peg to another with- 
our violating the ruies (l) .and # (2), since knowing how to move one disc, we V. 
•-have a Ale which tells us how. to transfer two, and 'then how' to transfer three 



. *To determine^TSife smallest number t>f moves it takes to transfer a pile of. 
dis^5-/^^-3fciserve that no disc can be moved unless all the discs above itahaye 
been transferred, leaving a 'free .peg to- which to move it.- "Let us designate by* 

the minimum number of 'moves needed .to' transfer k discs . To move the 
(k *»■ l)*-th 'disc, we f irsf'need ' ■ m^ moves to transfer the discs above it to 

: another, peg-' After that we.^can /transfer the (k .+. w l)-th disc to the free peg. 
To move the , (^k f 2).-th disc (or "to conclude the; game if the ■ (k + l)-th disc 
is last)- we! must now cover the .(k + lX-th disc, with' the prece^in^. k : discqg>;' 
this transfer of: the k ftiscs cannot, be accomplished, in less than m^ moves:. 

' We see then- that - the minimum number ?.pf moves €ot k -+" 1 discsNLs 

. Thi^'ls,,;a recursive expression^ for the minimum number of moves.,, that' is , 
if ■ the minimum, is- known for a certain number of discs, we can calculate the 
minimum for one more disc. In this way, wehav#' defined, the minimum number of 
sequential moves:. by adding one. disc we increase the necessary number of moves 
to one more -than twice trfe preceding' number . It taker, one moye to move "one .. 
disc, therefore it takes three moves^to move tv;o 'discs, *and- so on. .. ■ * 



Let us make a little table ■■ (T&ble" A3 -lfi ) .■ 
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Taole A3-la 



i 


k 


1. 


2 


3 


. k • 


•5 


' 6 


7; 




\ 


.1 


.3 


7 . 




3.1 


■ 63^ 


127 








k =■ 


number .of 


discs '. 





= minimum number of moves 



Upon adding a disc -we roughly double the number of moves. This leads us 
to compare the number of moves vith the povers of tvo: 1, 2, k, 8, l6, 
32, 6k y 128, .'.and ve guess that ^2 k - 1. If this is true- for . 

some value k, ve can easily see that . it ..must be true for the next, for ve 



have 



Vi * 2: \ + 1 



^2(2 
""„k+l 



-.1) +.1 
- 2'+ 1 



= 2 h+1 - i, 



.We«,kn6v that .the. formula; 



1, for ' n = k + a. .„ c#n 
but now' ve- can prove in sequehde that.it ;Ls 



and this is the value of 2 
for m^. is valid, vljen k = 1, 
true for 2, 3, U, and so" on. 

'• According to persistent rumor, there is a : puzzle of this kind: in a most 
holy monastery hidden dee^j. in 'the Himalayas. The puzzle .consists' of ' 6k 
discs of pure beaten go,ld and the pegs. .are diamond needles.. The story relates 
that the game of transferring the -discs has been played, night and day by; the , 

^mtfnks since the beginning of the 'world, and has yet : to be concluded. It also 
has" been said that vhen ; the : 6k discs are completely transfer red., /the vorld 
vill 'come to an en^ :y ^';^^i.cistz sa^/ the earth is about four billion years 

■ old, give or take, a; b^ii^VS?: .tvo. Assuming that ^ the monks move one disc , 
every, second and pf<aj£ in/^he -minimum number of moves, is ^there any cause for 
panic? (Cf. Ball, W^. , Mathematical Recreations, 'Mv York: ' ^Mapmillan Co. ; 
19kT;yp. 303* «.) 

V*. fiS*The principle og^equential proof , stated explicitly, is this, ( First - * 
;. Principle of JJathemg 



^al In duction ) : Let 'ft 9 A^, A , be a sequence 



? of assertions, and, let *H- t^e-the hypothesis 1 that all of these are true, 
hypothesis* H vif 1. be ^accepted as proved, if ^ 



The 



1. 'There- is^a^geiiaral' £roof,to show that "if. any assertion A R is true,,. 



' then <the$fext assertion 



is .true; 



2. There is a special proof , to . show thatA A n \ is true. 

If there are^only a finite number of assertions in lAe sequence, "say 
then we need only carry out the- chain of te^i proof sex^licitly to have a com- •'. 
plete. proof . If the assertions continue in sequence* endlessly as in Example. 
1, then we cannot possibly verify directly every link . in the' chain of proof . 
It is just for this reason-- in effect that we can' handle an* infinite chain of 
proof without specifically examining every link — that the concept of sequential 
proof becomes so valuable. It is, in- fact, at the heart oifthe logical devel- 
opment of mathematics. , v - 

Through an unfortunate association of concepts this metho^'.-of sequential 
proof has been named "mathematical induction. 11 Induction, in i*ts common ^ 
English sense, is the guessing of general propositions" from a*" number . of 



observed facts. This is the/way one arrives at. .assertions to prove* Mathe- 

niatical induction" .is actually a method of deduction or proof and not a proce-. 

<- ... p ■ . 

dure of guessing, ^al though to use it ordinarily ^ must have some guess to 

test. This* usage has been in the language for a long time, 'an'<^e woulf^gain. 

nothing by changing it now. Let us keep.it then, ana^remember that mat^nati^ 

cal usage is special and. of>ten .does not *resemlft.e in any respect the usage of* 

common English. * * 

■ - ' < A -A • 

* & & c ■ » 

In Example A3-la, above, the , assertion £ ■ is & ' 

; • . n . . . V 

: • • * - * ■ A - • ■ 5 

1 + 3 + 5 + . . • + "(2n 1) = .n ; ■ % . t 

* ' ? , • • - ■ * ..1, 

We proved first, that A., is true -'filth at- is; iffi&he sujgf of the ,firs1£ k" 

odd numbers is, k J then,. A^ +1 " is true, s^fchat the sum of the first . k + 1 

..od(|. nttmbers is - (k.+^l)^. Second, we ofipe^red thpt . ^ is^true: 1 = 1^. 

These two Steps ~ complete the proof ,. * \* ( « 0- 

- Mathematical, induction is a method, of prov^ngya hypothesis about a'-list 
or sequence of assertions .- ■ Unfortunately it; dfiesn't tell us how.jfcb make' the' 
hypothesis in the first place." In the example just considered, . it was easy to 
guess from a few specific instances. 'thati^he sum. of the first n - 6dd numbers 
Is- ns , but ^e^rtext problem (Example * A3- lg) may not be so obvious. 

e A3-lg.> ^Consider the sum of the squares of the first/ n positive 




integers, 



*2 2 % ' 2 2 
1 + 2 + 3 + . . : + n - 



We find< that when n = 1, the sum is 1; when n = 2, . the sum is 




n = 3,. the sum is Ik; and so on. ■ Let' us make actable of the^f irstyfew- 
values (Table A3-lb) . . ■ ■ e . •'• 



Table A3 -lb,, 



n 



sum-- 



Ik 



k: 



3& 



55 



91 



20k 



Though some mathematicians. might be immediately able to see a' for 
• that -will give us^the >sum, ^must of us would have to admit th^iJ the^situat 
is' obscure. We must look around',for some trick to help us. disoover the^pat ^ 
tern which is surely there; what ue d© will therefore 'be a "personal, .individ- 
ual matter/ "It, is a mistake to think that only oneWprtfech. is possible. 

Sometimes experience' is a usiful guiqle. ' Do we^ncw.t^ solutions to any 
similar problems? Well, ve .have here the sum of a/sequ^i^^d^ittple A3a 
also dealt with the sum of . a sequence: the sum of t^e fi ^^^^ dd numbers 
is n 2 . Consider the sum of the 'first n integers themse^|9Bb0t their 
squares)--what is V " ~ 

* 0/.+ 2 + 3 .+ .* + n? 




This -seems to-be a related 
form an arithmetic progression 
difference is also .1; 



*j£r<#)iem, "ariE. 




ve can" solve, it with 
which the first teriru.is i^f^^^PW; 
the usual formula', is .fcher&fpjfe^- > 



iramon 



"| (n +• 1) = \ n 2 + ;| : S; 



So -we have 



l + 3 + 5 + 



.» '2 



1 + 2. + 3 + 

is- there any pattern here /which 

These two formulas have priejMfti 
nomials in n. Might not the : for 

seems' unlikely that a quadratic ^^momial could -do the jo^j^'thi's more 



6n' f eatureS both are/quadratic poly- - 



T jLave v ant Here, also be a polynomial? * It -\ .'. 

,™ — - . . ^^lomial cpuld .do the' j^^'this more 

complicated -problem, but hov about ' one , of - # higher, degree? ' sjjfry a' cubic: ; 

assume that there is a formula, - ' ' ' . • 



2 2 1 
l 2 +• 2v*<. 



+ 9 . = 
\ 723 



an- 3 ■+ .tori. + '.cn + 

V: • * 

J CO • 



y; : where. • l a^Vb',/c^ ; and'^ ,;d are numbers yei..tb'. be. determined Substituting' ■; . .. : .. \ 
K : iV- 2; -3', valid V'" ''successively in- this formula, -we get ^ 



1- - a.' + ■ b + "c + .d. . 



*\ % i ^ v \ . '"■ \' / l 2 .+.: 2?. a 8a.+ i+b + 2c + d. 

.'.-.>^' :". : */■•/■, >: . ' ;■ ' v t .. _ ;.- • 

■ 1 :'r j;; 1 " "y^v :; "; ; i 2 + l . 2 2 ' i;.3 2 -=' 2Ta,+ .9b +• 3c .+ a. . 

'*) '*.. '1 *'..".'"«; +^7+ + ^a '•+ l6B" lie +• d- : 

V'SoXyiiig/ #e .find/?.*, ' ' 

> :J ''I ■:•'■.■:.;.[ ^/■/.'.' , ; % ■ 

i * 'We ftie r ef or e ; c ohj eti'ttfr e .- 1 h at < ' '.J * / f 

\ ~ # ^ * ; v 3 I n(,n. + l)(2n + l). •■ 

. . This then 'is bur a^ser,tion^.\'A n .';.;; i nOw ; ^l'&t;^ /j : 

.V:';-?-,.*. :'• ' ' ; ■'. * . • . • '.• . \ \. 

rAd&jj^h- to both "sides factor arid: ^ simplify:; *•. ? ■ '' 

&$i:0. *, 2 2 + v. .' + > 2 + (k :n 2 :-,-'.i k(k : .+. 1) (2k + 1) + . (wa i) 2 



. ' . t « 

m ■ 



9 

•<4 ' A 



; ■ i? =':(k 1 + l)[^ k(2k +.1) + 1)] 
^ " ^ (k .+ l)(k ■'+. 2)(2k.;+ 3), ■;' 



and this' last ^gu^ti-on- is ■" j.ust ; ;":Aj ;4 : 1 > ,vhich is the^fore true ±f ^\ ■' i^true- 
Moreover, A^, which states. 



2.1 » 



/ . 

I ■•>•>■'-. " •■• ' >^ 

is '^rue; and A .. is' t^erfef ore- true for each positive integer n--. . A , . ^ 

■ • . ." '/ ■•" ' ■ . 'v . . , . ' 

^There is another, formulation of .the principle of mathematical induction • / 

which ks extremely useful. .This form involves the assumption in tl^e sequen- 
tial step that every assertion up to a certain point is true, rather than, just - 
^ • "*■■ ' ' ' ■ . r . 



ie'ie^ .:■ Spe^^^ 

afr , PE^ ■ Ag^n. let A 24 'Ay#/;v*'Vi 

se^^^>a6^^6^^ l^t .' H " be ' the^ig^oth^sis that all of -these-./ / ; 
r^e^ViThevh^ ■ : ,; ' V' 

;i. •, /iher£^ th'fb'if ■ every, preceding assertion-^. : - ■ 

, . V " 7 A^A^,)',,- A^i^^|K.i^P^ he ne3 ^ assertion . A^ ^ ;K*ru^ " ; v /£j""." 
V; There ^ ,- is true;.. \ : ' 

It is rip.t%^lS^/>^vr^at either one of the two principles of mathe^.- 
'■^tlcal indtt^|^^^>j| derived from' the :other/ . The ..demonstratj^ , of ; tM s 1 ' is 
: ' lifif 't' "as ' an Veifepbkke I ; ,- 'iSs • 1 • ■ ' • " " * : ■ . ■' ' : 



• Idtft' as an : e^rc^6e;',,. ^ 
; V • v^^e' v^ of mathematical "-inductipn .is that it 

^ /per^Lt^ ^ : ^e.',tr^toe;ni ofTmany problems which, would be; quite difficult to 
. ^i^ of the "first principle. „ Such problems usually 

■:^Vv-'p^ra^^^ie- c^licated appearance than the kind which yield directly to 
;* b5 : ^thfl^^i4^ .principle. " < ..... \ s 

- ■*. *■.■< ■' -*• '/ ' '. 'f.vj'V*, ■;. i . ' 

.'■•■V»v''^>v/.' * -V^S**/" C*' ''*'«'."»■.■■ 

^''''^^'^ m ^^^m^e\^}J^ Every nonempty set S of- natural numbers- (whether finite 



dr inJ§S^?/;; : c.bfe$iLihs a least element. 



■/v"' -X Proof y ^'^fenduction Is based on the fact that S contains some natural 
^^M^^^lertion A, is that if k. is in S, then , S contains a 

i^P^^Ma^t^: The assertion A L . is that! if S contains ' 1, then.it 
■'^•■^ contains aV$east number/' This is certainly true, #nce 1 : is the smallest . 
neftural^ourfbef arid so is smaller than . any other member of S. 
^ Sequential Step : We a'ssume " A r is true for all natural numbers up-. to . 
and irtciuding k. Nov let S be a^e^ containing kVl. There are two 
>os.si.Bilities: .. ■•'y; . .. " *' .■■ ' 

ji'-A 'S contains a natural number p less than k In that case p is .• 

' less than or equal to"' k. It follows*. tjiat S 'contains a least element. y 

2. ■ S contains' no natural number less than k +' 1. In that case k '+ 1 is, - 
r • . least. ' 

■*' ■ ' .." * r 

■ ■ This example is valuab3«e because it is a. third principle of mathematical 

induction equivalent to the other "two, although. not an obvious one to be sure. 
' An amusing example x>f a." "proof" by this principle is given by Beckenbach in • 
"the American Mathematical Mpnthly , ■ Vol.* 52; 19^5- 
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THEOREM. Every -natural number is interesting. 

■ \ • ■ 

. Argument . Consider the set S. of all uninteresting- natural -nunfcers. 
This set contains a le : ast element .'' What an interesting number/ the,. smallest 
in the' set of' uninteresting numbers!' • So S . contains: an interesting Vumber" 
after all. '(Contradiction.)' y , / ' 

.The trouble with this "proof" of course -is that we have ngjj^.ef initiorf*6f 
"interesting"; *one man' s interest is ; another man \s boredom. . 

One of ihe. most important uses of. mathematical induction is in dj^^ition 
by' recursion , that is, in defining a sequence of things^ as follows: ■ a defini- 
tion' is given- for the initial object of the sequence, and 'a 'rule is supplied 
so -that if any term is known the rule provides a definition for the- succeeding 
one . 

^For example, we "could have def ined ^ a 11 (a / 0) recursively in the 
-following way: " 

Initial Step : a° = 1 ' 

Sequential Step : a k+1 = a . a k (k = 0, 1,, a, 3 3 • • • ) ' 
Here is another useful definition by -recurs ion: "Let - n! denote the 
-product of the first n positive integers. ■•■We : can, define n! recursively 
as follows: ■ - ,« - ■" » 

;- ' - ■ ) ' - ■ 

Initial Step : .11 = 1 ■ t ^/ <• 

. Sequential Step : (k+ j)\ = (k,+ .l)(k!) (k * 1, 2 , 3, • •) 

Such 'definitions are convenient in proof's -by mathematical^induction. ' 
Her* is an example which involves the two' 'definitions we have just ^give/i." 
•J^p *■ n-l ' 

V Example A3- li . For all positive . integral values n, 2 < n f . The 

proof by mathematical induction is direct.' We have the following stepj;. 

* ■ ■ * .*«'.." 

Jnitial Step: 2° = 1 <'l! - 1 ' 

- >• — • 

/ Sequential Step : - Assuming that the 'assertion is^brue at k- th^step, 

* we seek to prove it for the ' (k + l,)-th step. By' de£^ition^e have- 

^ ; ■ . * '(k + i)^ r =='>(k ;+ i)(ki ) . * 

* " 1 J k- 1 * 9 ■ ^£ 

From» the hypothesis, k! > 2 " } and consequently,. 

. • . v ' - ; (< - 1 , » '•>•••. ■ 

■ >'i ■ ' . »\ (k +• i) •',=. .(kVi) Cw ) > (k.f' i)2 k_1 >'2 > 2 k " 1 = 2 k -..-. -) 



since k/;> 1 (k ..is a positive integer). We conclude that (k + l) ! > 2 . 

The proof . is complete. ^ ^ -„ r 

■' • . . • . . ' ' . ' ' •' ' " *> • 

Before we conclude these remarks on mathematical ind.uctipn, a word. of ; 
, caution. For a complete proof by mathematical induction it is important to ■ 
■kstibw the " truth of both the initial step and the se/juenti al^stepr of the indue 
'^•Wniprinciple being used. There are many examples of mathematical induction 
;• gone haywire, because one of these steps fails. - Here are two examples.. 

Example A3-3.j> • e - « ' ' 

• r o- 0 

. . ■ 

. Assertion :/ All natural numbers are even.. 

Argument: .For -the proof we utilize the second; -principle of mathematical 
. induction and take; for • A^ the ^assertion that aMr natural" numbers less ,than 
or equal." to k** "are even. , Wow consider^the natural number k + 1. Let i 
be any' natural number with i < k The >number j 'such that i + j = k + 1 
can easily ."Hie shown to be a natural number with j < k." But if i <k and 
'-j < k, . both i and. 'j " are even; and. hence k + 1 = i-+ j, "the. sum of two 
■ even', numbers, and. must itself, be.' eveftl . 

'* .. .. V'f't''. . •* ' " : " ' 

Find the' hole in this argument ^ ; 

." - • i • 

Example A3- lk . / \ V ■ 

Assertion : All girls are the same.$ / ' ' 

' Argument :- Given -girls designated 'by. a and b,, let a = b mean that 
a and. b are the'Jsame. Consider any set S ± -containing just one gir^., ^ . 
Clearly, if a and. b denote' girls in , 'then a = b. Now suppose it is 
true for any set of k girls that they are 'all the same. Let ' be a set 

' containing k + 1 girls g ±r g^ . g^, By hypothesis' the k ■ 

girls, q 17 g are all the same/ but by the same\ argument so are 

the girls g 2> g g fc , g^. -It follows that g ± = g g = . . . V, 

= g k = g k+1 .' We conclude that all\.girls' of : a\ set containing "any positive 
integral number of them are the same. Sihce/ there 'is only a positive integral 
• number of girls in the whole World/ the assertion is proved. . 

• . Zyffi? '' ' >» " • ■ . 

' Find, the flaw in thSs ^argument . - ^ 



• *tfe are not trying to express an overly blase' attitude about girls. fThe 
original of this 'example (attributed to' tha famous "logician Tarski) had it 
that all positivWLntegers are the same; however, isn't: it more interesting, 
to write- abouVs^ r l s? * -J ■' 



;' ■ • Exercises A3-1 .... 

* ' ' • 1 / \ . 

1. .Prove by mathematical . induction that 1 + 2 + 3- : + ■ • • +-nj= - n(n * 1} . 

2. .; By mathematical induction prove' the familiar result, giving the sum of 

an arithmetic progression -to n, -terms: > m 

,\ a + (a + d) h- (a + 2d) + ... + "(a + (n - l)d). = | [.2a + (n - l)d] ./ . ^ 
V • ..." ' . * • 

3. By mathematical induction prove the familiar result, giving the sum of x a 

N^ge^a^bric progression to ' n' terms : 

" 2 '" > -'^l . ! a(r n - 1) , • ^ 
. . a + ar * ar - + v. . . + ar - : - j « 

• * Prove the following four statements by mathematical induction. 

U. .l 2 + 3 2 + 5 2 <+ ••• + (2n - l) 2 = i (^n 3 - n) \. . j . < ># ^ " 

5 ', 2n <.2 R . . A ... . . J " ;.. ■ ' . 

' ■ * 1 n 1 

6. 'If p > -1 then, "for every positive integer .n, (l + p) > 1- np.> ;■ - 

7. 1 + 2^-2+3 2 2 +:..+. n - S 11 " 1 = 1 + (n r l)2 n 

Prove the following by the second principle of mathematical induction.. 

8. -For all natural, numbers n, the number '. n + 1 either is a prime or can 
'be factored, into primes. , . t t 

9. For each natural number n greater than one, let U no be a real number 
with the property that for at least one pair of natural numbers, p, q 

' vith p + q = n. u =U + U . .- . / 

When n = .ly::-we define JJ - a' where a is some given real number. ■ 

1 - ; » ■ * ■' \ cw 

Prove that ' -U = na for all n. ^ , . - . > 

< 

10- Attempt to prove 8 -and. 9 £rom the first' principle to see what difficulties, 

* . arise _ > " 

In the next three problems,, first' discover a fbrmula^ fox the sum, and then"? 
prove,, by mathematical induction that, you are correct. ^ ' . J ' 

■ 1'* ' ' 1 ^ ^ 1 ■ ■,; ^ 

X1 - T-T2' + TT3 + /T^ + . Y * ' + n(n + 1) .* ■ i 
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12. 1^+2^.+ 3^ +.... + n^. (Hint: CompWe the. sums you get here with ' 
Examples A3-la and A3-lg in the text', or, alternatively , assume j that the- 

' ■ required result is a polynomial of- degree k tt ) ? _ ... 

13. 1 • 2 +-2 -3+3 • h V . ;.>'+ n-(n + 1). -(Hint: Compare this with 
: „. Example A3- lg in the text. 1 ) 9 ' 

■ * J ' ' C * * • ■ 1 y i • ... 

Ik. * Prove for . all positive .integers h.,; \;a : . , * 

. • ■ (1 , |) (1 + 5 )(1 , L_ ...."(.! , 2^) = (n + 1)2.. 



15. Prove that 

16. Prove* that ,. n'(n 2 ^- 5)} is divisible* 'by 6 for all integral n , 

17. ' Any" infinite straight line separate s ;fche plane into two parts; two; 

intersecting straight^i^^es se>arat£ the plane into four parts; arid: 

three non- concurrent lines , of wHich .'no ' two are parallel, * separate the 
. * : plane into seven parts. ^Determine the number of parts into^which the\ 

plane is separated by . n straight lines of whicri no three meet ^in a v ~ 
V% : single common point and no two are parallel;* then -prove your result. 

Can' you obtain a more general result-when parallelism is ^'permitted? 
( ." - If concurrence is permitted? If both are permitted? 

18. Consider the sequence of fractions * c \ .. 

•'....♦< » y 

; . where each fraction is obtained, from the preceding by the rule 

. . ' < . ; A = Vi + 2 Vi . * 

'.■ * 1 . 

. - . .*,.* 4 n *n-l 4 a-l v m *J. 



- 1 



■ - • . ; ■ . • p n 

Show that for /n sufficiently large, the difference between — . 

t/2 can be made as small as desired. . Show also that the' approximation 

to t/2' 'is improved at ,each successive stage of the sequence and that 

the error alternates in sign. *Prove . also that p n and - q n are rela-.. 

' > P n ' - . 

tiv.ely^ prime, that is,, tjie fraction — is in lowest terms* 

* . * ' ^n' * . :'. « 
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Let p .be any polynomial of degree ,to. Let q(n) ' denote-the sum 

(1) _ : q(n) = p(l) +.p(2) + pC3) + + P(n). ; 

Prove that there is a polynomial q of degree m'+ 1 satisfying (l).' 

Let *^he function f(n.) .be defined recursively as' follows : 

Initial Step : f (l) = 3 / . * . . ■ v . , , * 

.' Sequential Step : f (n + l) = 3 f ^ 

* * . . o3 07 

In particular, ve have f(3) = 3 =.3 \ etc. 

Similarly, ■ g(n) is defined by ■ / . 

. . ; . ' 4 

Initial Step:' g(l) =■ 9 . 

■ ■ 0 

Sequential , Step : g(n + l) = 9 g ^ * 

Find the minimum v^Lue m for each- n such that f.(m) >g'(n). 

y (1 + 1^5)^ (l ^5)^ 
Prove, for all natural numbers n, that — — : — 

' ■ • n 2 £ ' < 

is an integer.* (Hint: Try to express 0 x - y . in terms of. . 

n-1 n-1 'n-2 n-2 . \ 
x - y , x - y , etc.) < i : 



A3-2,. •■ Sums ' arid » Sum Rotation 



'■(i): |>um Notation.. " . .. «•'. 

In the preceding section we made frequent use of extended sums in which 
the terms exhibit a repetitive ' structure . For. example, .consider the ^um " 

fyi) "... l -£ 2' • 3 + 3 : - 5 '+ + n (2n - l)'. - ^ . 

;j . We adopt a concise notation which indicates +.he repetition instead of '.spelling " 
.' 'it out. . In this notation the sum (l\is written 

• • •. ' £ " '-• •'• • • i 

' ■ . , . : •',.<> ' " ^ 

.This symbol means, "the sum of ■ all- terms of the, form k( 2k - l) . whe^^ \ 
takes on the integer values from 1- to n inclusive/" The Greek capital 
"r !l ( sigma) corresponds to .the Roman "S^"' and is intended- to suggest the "wDrd. 



.sum. 

7 



The- notation can -be used, more^generally -fro express the . sum of -quanti- 
ties $ where k • takes? on consecutive integral value s'; we /ajjay ."begin with 
any integer- m and end with any integer, n -'"where n >m. -Thus-. . - \ , 



• . '2A^^ii + t 2 * •••' + k- '. 

. , r •. • v k=m " - •. , 

' • , ■ . ■ • - . > . ' . n ( 

(Note the trivial special case, -n*= m, a "sum" of orle term: . 0 R = 0 m .)' 

Example A3^2a .. :<% If each of the regions^ in/^i} tfs a rectangle with 

height h^ and width w^/. the* sum of .the areas may we .written #/ 

, • • ■ : • \ ..' • . # n ' ■' V; 

- ■ v Vi h i + w 2 h 2 f W 3 h 3 + ^Vn~~ v i W / - 

. ; • ..Here are other typi'cal 'examples : f ' ' \, 

:'. ./ • • 3 



k ■ 0 .1 



kfeo 1 + k 



2 ~ 1 + 01+ I'f 4 h , "l + 9'. 



1 2 ■ - • - ■ - '•' 



' • -5 



• A 



731 : ■ > 



1.9' 



5 • . 'A 



1-1 



•• ' '^U + 30 = :5 + ? 6 + 7 + 8 = 26.; . 

A /linear. Combination- of .n functions : . " ■ . ■": . 

: X polynomial of "degree ■ no greater than ' -< 



m 



C..X-- = C Q +' C^X + C 2 X 2 +;>.*.+ C m X m . . ' % ^ 



n- 



■•'Example &3--2b . v'A simple : bu't : important' sum is / ^ c . where' 6 is, a 

•v. ■ . :.V y ' ; *:■ v 

. . constant,- - that is, a* quant.ityv.independ.ent of the^ index ;J of summat>iqn. The 

.'"'-...>''• n J . > . . . « " ' ^ ' 

."■.quaniU'ty ' * ..c ; .is tfcte sum Qf n term^.refech of- 'which is .c; ~ s it therefore ' 

■ V *■ > .y=i* » ^ \ . .. '" ■ 4 . ' • ■ ■' . ' \ . 

..^haf- the Vali;e. ■ " >. ■ ' >U . ? 



- -In.^any summation the values of »the v terms 'and. the total .are not affected' 

ter; "'thus ,: ■ 



by ' they.choice of jthe ^inx3ex-j.letter; thus ,: ■ ■■ f - n A 



4 



k=m. w -- j=m 



, Wq ' are : - free . to. choose the index letter and its -initial value to suit our own; 
^ ; t?bnveniehce. ■', ^ "' ' >'-:- ; » ■ *'"";» . ' ' V- 

. .r /• . ■ ■ ' . ■ • ' " ■. . . ■ ' ' ■ " fc ■. : ■ > 

o \: , Ex'artr^le Ag£go > . # ' ;■ - ' . 

* ■'"■ { a) . ■ / . a . '.+■ a, ■ +. a 0 = . V ■ a . , ' *= / a 0 . < . ; 

■ - ^ . z^/ . a. 2 ■ ^> Br 1 ^ 2-n 

■ ■ '■ ' b , ■ . n=0 . . . ■■■ 

- ^=0-' : j=0 » ;■ ■ r- • ^ 

. . .-; ■ . . •..-■'>•" ? .■ 

-•■^:?"V : ' . .* - Summation is a "linear process; the proof is lefit .as .the first excercise ^ 



Exercises -:A3-2a 



■ ... , ij'l 




. V' n . . n. > > n 
\X)'taf k + pg k ) ^E' f k-^-> 

: \;v ■ * ' : - - ✓ • ■ 

,?2. Wite each\f thefTbiiDving s^ums in, expanded form -and evaluate: <* 

"(a) J] 2k ; (d/ 2Ji<U- D(m:- ?)• 
k=l 
' 10 

, j=5- - •: . ■ i-o- 

• 3V V . * • / 

(c) J* (r * + r ' - 12) ' (f) 2 FTTriTTT ' 



m=3 




3.. Which of the follouirlfe**statements . are true and which are false? Justify 
. your, conclusions . , 



.10 



' ' 3=3 



(b) J\ = M( n " m) + l ) 

J=B1 



MO 



k 2 « 10 



c 



; k=l . " k=l 
. 1000 ." 100 0 

• lK k=3 ■ 

. iA n 

(e) £k 3 = n 3 + - D : 

■ k =\v<f .- ' J=2 

10 v ,10 



) ' 



■ m=l . ^Bfcl • ' 
- . 10 ' '/10 

■ m=l • m=l 7 



733 



1U3 



(h) .£i(i - 1)(>- i(i -.l)(*n - i) 



m ' m 



. n (■ •• IJ n ■ 



/ 



/ 



• _ - CP 

Evalue** f(£) (b ^ if f(x) = x 2 , a - 0," b - 1, and 

■ ■ k=l 1 ■'. ^ ■ 

• (a) ' n = 2 ' \ ' ' ; ' : ■ 

v ■: 7 

' (b). n = h 

I 

" (c.)-. n = .8 . 

5.' Subdivide the interval [0,1] into, n e^al^parts. In eac^ sub- 
interval obtain u£per and lower bounds for x , Using sigraa notation ( 
' use these,, upper stfid lower bounds to obtain expressions for upper and 
lower estimates of the area under th£ -curve g = x on . [0, !]•;;■ If . / 
you can evaluate these sums without\:ead.ing elsewhere, do* so. 1 
6/ (a) Write out. tlie sum 6t the first 7 terms of an arithmetic progress ior 
■ •'* with first -term * : a and* 'common difference d, ^Express tne^same sum 

in slgma. notation-. . -V , 

(b) In Sigma notation,, write the expression for the sum of the first n , 
terms of a geometric progression with^ first term a' and common, 
ratio '-r. ' . • ^ 
7. " (aj:- Consider a. function .' f defined by •/•.*,. °_ 

■ f(n)=2j{(r - l)(r - 2)(r - 3 )(r - h){r - 5)'+ r| . 

*' Find _ f(n) ffer' n^-l,^, 5- ' .' ■ V„ 

■ -(b) Giye *ai> exabple of a function g (sitnila* to-ftat in (a)) such that 
g(n)Vl <n =-1, 2, 10,, ••. .* s_ . ' 

g '(io b + i^ o. ■ : L 





8. Write each of the following sums in ex; 

• - (a|' ? £K r(n « c) 

:• n=l r=l • . ■ 



formed evaluate. 



;(e -<» - . f 



m n 



7 9;. The.dodble sum ^ ? , ^] f (*j4) is a shorthand* notation for 



i=0. ^=0 



i=0 



or 



f(6,0) +;>(0,1) +. ... +;P(0,n) 
. + *(i,o) V!PU,i) + -v • + *\T&ff 

- • * " V ' • + F(m,0) 4>V(m,.l) + + F(m,n)> 

_^In particular / ^X.V ^'i V ^ = 1 ' 1 + 1 ' 2 + 1 ' 
" t - - .1=1 j-i V ( r\ 



+ 2.1+2 




2 • 3 = 18. Evaluates 



m n 



(fc) max{i,J). , 

6c; EE * ! • '" - $i <d) "»! ; -''^ 

,:. . m^. 'w; 4;.; " 

10, (a) ■ Show^hat k(k j ^ V^TT " tj/ k / °» 1 * *' 
> ' V iooo ^ h 



1 1=1 j-1 



•(b) Evaluate 



r 



11. - If S(n) = / •;£(!), deterge f (mj ' in terms' of .the -aum function 



0 i=i 

/ ' 



c ■■ - 



■C; 735 



19 



r 



' '< "J: - (e) <c6s .-nx = f(i) 



12. Determine f.(ii) V iii^the "f^ 



n 

. ■;; (a) •:i =2^ r.(i)> 

•'' V (b) /rv = V f(i) 

— . 

^ (c) > 2 v j^fcn 



' '1=0. 



(d) an 2 >T>n + c = ^ f(i)' 



1=1 




13? MhoMal theorem: We define- (p - (n ^r) :i ^ h ^ e< 7^ are* integer ^ 



such that 0^<n. - Also 0! = 1 and (J).- 0 if r||; Show that 



?n 



nJ-. r/ 



(c) # Establish the Binomial Theoren^ / ' ** ^ ' 

».' n *'0*, 1, 2, by mathematical induction. 



.00 (2x - 3y) 3 ' 
(d* ■•(•x ) - 2y) 5 



lh. Usiiiff the •Biiiomialf^heorem, give the expansions for the" f ol^wing: ^ 
+ \£ (a) <x + yi* 4. • < 



• Evaluate!' the following' sums, 



• using 15(a). i * . " 

L7; If> P n (x) denotes a polynomial of.degree^ n % such that ? n i x ) = 2 "' 
■' for. x a"6, 'JL, 2, n fin& ,P n Cn> 1) . - ' , 

(ii) Summation • ■ r *' * " K 

■ ,~ — ~V" ' ' J > . \ 

Exercise's A3-1, No. 10 illustrates- a particularly useful summation "ted^- ^ 

* • '>•■■*.' * 

nique, i.e., representation as a, telescoping sum., It was possible to write' . 

- v ioo£ v ; r \ 



in the form 



Lr V(k " l) = .2^i J^2 + FTT 1000 - 999 



V i\ // ' i\ . /i ' i\ " ■# i' __L_i . r_I_ 1 ) . 

j^lT^T " lEV 8 (i ^-2 ; + 1 2 " 3< l^W" 999 ; l 999 " 100Q ; ' 

Each quantity) subtracted in o\e parenthesis is , added /back in the next, sot that 
sbheffiaf»st two 'terms telescope 5tom a sum of four numbers to a sum of two' num- 
ber^ ,the "fir ^ three terms teleWope. from a sum of six nurifc'ers to "a; sunfof^^ 
£vp. 'numbers/ etc.. Filially, ' the /entire summation telescopes (or collapses}* 
into, a sum of two. ^mbers— the^f i'rst^nu^^' in. thfe first ^term affa t^^cond ■■ : 
humbe^ in the lajat term. Symbolically, a telescoping, sum has . the^'f oym 

.(ii \£{&(*J>. f(k l'i)J^ftn) f(m-x).'; ^^- f ; : <: 

Ih. the aboT^e example^ we" .have' m.== 2-»'.h = 1000, an£ '.f(k) k = - ^ so that: .the 

' ■•' ■ " I j- QQQ to ' ■ ' . .. 1 

"sum telescopes, f (1000) - f(l) = TooO ^ ^ 1555 % , ^' ^ ' # ' ' " . , 
^ We npv use (l) to. establish a short dictionary ofi"suimnay.onr forrrfulae .by 
considering different' functions f(k) / .Also, we let/ m = 1 without loss of 
gener^uLityV Let f (tc> = k-, then' > > t h •/ 

■t. n ' n ■.>'■' ( ^ ■/-'*•' 



(2) 



£{k- ik.-Dj-Jiyn.' 

k=l ♦>! 



This, f^s^ilt is nothing, new,. 1 Now let "TdO = k , tA?en . 
^or/ equivalent 1&, ' v . V /V 

■ 1 ' , w. .-v.. • ^ 

/.b) ' •• . • V. ^ = f 1)... . 

• ^ * k=l - # 

linearly combining-' (2> and -(3), ve. otjta^-^sum of X general, arithmetic 

V v ' • : * . • 

A progression.," j . ^ V 

bn. 



: - . > k=l ' 

; ^ . • n . 

To oltain the sum ^ ' V? let ' f (k> = ,k 3 * Then, 



' k=l 

r 

n 



> ■ fa-I k=l ■ k=l 

Usi^g J[2). and (3), ve * obtain.. . ; A A-' ^ - - . € 

■ * ! . ■ • ■ ' — t \ 

' ' * ' * r2 = 3 ( r3 - 3n( T ^ - 4" n(n - i f" i) - . ■ 

" ' k=i ' ' . . •'' A. 



■ n 



k=l ' , • ' . • - • ■' \ ' ' ' 

*nov can establish 4 sequential method : of. obtaining ^ of* the form ^ 

;f- yj P(.k) ; whose terms a^e values >(k) Vof a •polynomial fuhpfion. Became ^ A 

.|oiynpmiai is a linear Combination of powers, .and surmftation is V^near -proew 



'. it is tufficientto gi,Ve a sequential ^for V ^ a' nonnegative 

.{. : .:, :' ' . ^ .. - r ; * k=i 1 - v ^ 

integer. , t ; * " ' ^ , , ^ 'd * ■ 

' ■ Choosing ■ f (k| .= k r+1 in .summation, formula fl) «ives us^ 

v >^ ••• U=^. .• : .• 



(k--l) r;i }-n^ 



* ■ Usingv the Binotida^ Theorem, we f obtain < •* 



, I r 

%) . V< - -k^- 1 '-. (k-- lV^t- (r.>l)k r -**(k) 



A-r *>.;. OV;_ . v 

wher^i P(k) .is a "polynomial of degree 7r y 1 . Thus, the sum J • k 

. ■ \ ^ ■ * a • f k=5ljl \w * 

beCexyreWd in terms ^^mS pf - lower degree! Si|>ce we already have jfhe sum- 

for r =^\l/ and '2, we pati. repeat meWod \equjsntialiy to ^obtain tjie- 
sum for any r (compare wlth^ercisestfA3-l,*No. i9) • ' ' 

- We can enlarge our summation table' by choosing other functional- forms/, 



n 



f(k), e.g., *sin(ak f b) . By {X), ' v 

• ■: ' *v . A. • \ . / - 

(5\. ' y^^sin(ak>, t b) - sin(a(k - l)+bj|^ sin(an + b) - sin b.; 

Using tjie identity - >■ - ✓ — 

A - B- ' A + B 
k1 sin A - sin B = 2 sin — ^ cos — — , 



in Equation (5>> obtain" 



n 

(6) 



n 

/ cos(ak + b - -g) =,.cos(b + -^-J 



. an 
sin -gV 



a 

irr* , . sin 

■ w '-. % ; ' „■ . 

If b =Vx , J fe) reduces Jto 

■ * ■ v ' "V* 1 'an 

(7) • . ^ . ^cos ak= cos((a> 3f).2j— i" • 

A i ■> ■. . \ 1 / sin - 

;TS ; . / . k=i 

If b= | +'1'^ (6) reduces to i# * ■ 

n • ' ■ f . Van 

sin 



(8) , . * / . sin ak = sin(b + 



By choosing other "functions f (k), we can enlarge our 'list/of .summation. 



formulae'. ; We, leave this for exercises.. * 



.'; < ' E xercises A3-2b / 

'. . '* - ' "~ ' ^ 

• 1. ' Write the following svuns in telescoping form, in the forth 

,y . ^|u(k) - u(k - 1)| , and evaluate. . 



n ' n 



k 3 



1* . 

, * (a) ' Vk(k + 1) • ..>(*). 2J 

" • : :. • k=i- • ' . 

n ••• ■'. ' • 1 

."* (b) V k(2k - l) ♦ ' W 2-/k(k + l)(k + 2) 

n . ■ * . 

(cj V 2k(2k + 1) (g) - kI 

... . rf . -. • ■ . . ^ 

n ; . ■ \ • • » ' ' /' , 

(d) Vk(k+l)(k + 2) V (r.) 2jr k . j . 

. fei . . . *=! . .-. ; ■ 

2. Using ^{"M - u(k - 1)} = *(n) -'.u(0), establish a short dictionary 
of summation formulae, by considering the .following functions u : . • ' 
' . (# (a + kd)^a + (k + l)a^ . .. |a + (k f p)d^ . ' ■ 

(b) The reciprocal of (a). 

• . . . % ' . ■ % ■ . '. 

V* . (d) ' kr k '. •' . , . . .j*. ' ..- .'■ . 

' y\ v 2 k • . 1 ;. • ' .' " •. 1 ' . ' ■ ■ 

(e) k r , , . . >■'..- . ; • 



.'(g) (k:) ? ••■ ; •■ '" 

(h) 'arctan K 
/ , (i) k .sink 
3.' Simplify:." 



sinx +-sin 3x + /..... + sin f(2n - lfej ! 
cos. x + cos'3x + .\.-+ cos^gn.- Ijxj 



> v 



'7*0 V*. 



Another me&fiod f or summing I P{k) ■ (P , a polynomial) can be obtained by 
Sisihg a special. case of problem" 2a, i.e., • . — * 

^{(k +' i)(Tt)(k - ij ... (k - r + IV- UMj -"D(k - 2) ... (k - r)}.T 

k=i . _ . . .-' ; ; * ■ 

= '.(n + lM*)(n - 1) .. . (n - r + l), . ' ■* • ' " 



* .n 

or 



£ k(k - 1) (k- r ♦ 1) = ' (n + D(n)>n-^) .., (n -J + -^ 



: k=i - > . . . , f 

First, we show how to .represent .any polynomial .P(k) of r degreeS^rt^_ 
tHe< form : ' 

k(k - 1) . a k(k. - 1) . (k - r * 1) 



. (i) P(k) = & 0 + &1 k + 2 ' + ... +' -2— • jn — - • . 

If k = 0, then \a Q = P(0).; if k - I,, then = P(l) -. P(0) ; if* - 
■»K - 2, than a 2 = P(£) - 2P(«l) + P(0)». In general, it can be shown that 

(ii) a .= P(m) - (>(m -1) + (*)P(m' - fe) J ... + (-D^O), / 
. m d c i ■ f 

m -.0, 1, r. , '. / > . . 

Sinoe.both sides of' (i) are polynomials, of degree, r „and (i)< is' satisfied, 
for **m = 0, 1,- , ^. , r, it must be an identity. * 



-n 

Now sum • 

k=l 



X) p(k) - 



•Using Prob. k, find thVf ollowing sums 



(4 Vk 2 V- \ 

kal-. " k=l 

'<=)'- "£)■* 



% 



k=-i , i * ... - « 

(a) Es£a£lish Equation (ii^of Number ■'<- . 



'(b) Show that a'' is zero for m > r. 
■ m » 
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Appendix h 
FURTHER TECHNIQUES OF INTEGRATION 



AU-1. Substitutions of Circular Functions ^ * f . f • * • 

. ' ' •' ^ • • * i: '■■ ' ' • 

* Although.lt is not always* possible to-integrate a given function in . 

terms of elementary function^, .there are important, broad classes fit* explicitly 

•integrable functions. All. powers 'and lyence, clearly, all pSl^omials are 
>B3cplicitly inte'grablej . It is not so clekr but ft* is true that all rational 
■^^c&b^s'a^^ie^icitly. integrate (see' Section AU-3) . It, folfdvs that all ■ 

integrals which .can be transformed by substitution into integrals of rational 
; functions are.^eipiicitly integrate. ' In this section v^^&lL - ahbw that an 

integral' of any rational combination of x and /Q(x) ,v..'w^re*' 1 > 

r < ' A ■ ' ' Q(x)'.-= Ax 2 +.Bx V C/ ' . ' ■ 

*ckn be transformed into an. integral of a rational combination pf circular 
'functions* ancl 'further that an integral of a rational combination of circular 
functions -can. be transformed into an integral of a -rational function. 



He'shpuld dbnsider the substitution of a cirdilar function whenever an 

■ ' V * - ' * ^ fl /2~ — 2" 

.^integrand is a : combination of' x and one of the expressions va - x 

- a ,]\{& > 0) suggestive qf .the J*vthagorean expression for 
one -'of the sides of .^ri^t triangle in terms" of the other two. • 

- v • * ' s ' ? \ ■ " y. 

; ; ; Example A** -la . ; Consider ». ■■ ' 

a/2 



:■ r' .JO' 



. . n — s 

We, utilize the fcubstitiitiqrrv, ■ 



"x -I. sir^;-. = a cos 6 » ■ (- |< 9 <f, 

a cos 6 -dfe. ••' . . '•* 



(«<£ E^W5*(«Al*-la.) Observing, that for x = § , ■£ = | we obtain by the 
... substitution rule, _ ■ ■ j, • • ■ ' 

- • •• • 1 J 0 ,' « cos v.®" Jo 5 



/a . - x 



Figure'A^-la 



V 



6- ' 



Example M*lb . For the integral 



ve employ tto. substitution (see Figure M-lb)-'.' 

. *• ' ■ ■ 

n ' / ' x = a tan 0 




(-§<*<§>, 



dx 



' 2 ' 
cds 0 



d0 



#7 



cos 9 



/ 



'Thus, we obtain. 



Figure A^-lb 



=1 



cos J 6 a • 

1 2 
a cos 0 



d9 



x 



cos 0 d0 



sin ,0 » + . c _ 

■ fl2 >■ - ' j>j^-i 



a- 



x 



Example v AV-lc The integration 

J 2/2^ 

x vx 



dx 



2- 



/ 



^03 



is performed' with the aid of the substitution (see Figure AK-lc) 




a 



7 - 



pk 2 

yx - a, 



dx 



cos- e 

a sin G 
2 

cos G 



de, 



/2^ 2 ' * ' 
/x - a - a tan. G, 



Figure AU-lc 



We have*- 
■j 

* ' .V" 



de 



„ sin 0 , 0 

cos e ae = , ■' ^ + c 



/2 2 
vx - a 



/< 2 

a 



2 

a x- 



' ^ Example «AU-ld . \ Consider the integral* 4 



J^ 1 



dx •' 



d0 



.iTsin^ the substitution of Example AU-lc we obtain 

• • .■ ■■ ^felt^-- 

To complete, the job- 'algebraic, trickery' is neecjed (the objective of the 
manipulations will be clearer after Section -3 on decompositions, into 
partial fractions ),. We have . - . r ' - 



cos 0 'cos; G cos 6 



cos G 2-. • v , 2 

■ cos «0 1 r - sin Q 



sin 0 ,1 + sin 0 J 



With this much as "a hint ..we' leave the integration as an exercise. 



. Here take 0 < G < - .for ' x > 0, ' and p< G < jt for x < 0... 
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' V THEORM Afr-lgy An integral V'any* rational combination of ' *' and * 9q(x). • , 

— r~-"" r ~ r '~ /• 

vhere , v* v ■ * •'■ ' . 

' \ y . . " ■, VI ^ • ■ t 

• : (a) ✓ ■• v q(x) = ax 2 + bx + c,- •• o); • 

V ' can be t.ransf ormed^by a substitution . x = f (e),^he*e^f . is a circular 
: '*V • / function, into' an integral *of a rational combination of . sin 6 _ and 

''cos e. • • - . ■ 

" .Proof'. We are? concerned with integrals of the form V* 

>^her.e V - is a^tic^nal expres£i&n and Q(x) is given ty (l) . Pors the^oof 
r *^ve ; first inake a prelWoary- linear ^nsformatipo to replace Q(x> by one of 
the standard forms of Examples A4-la, b, c, \ ^ * , , ' 

■■ We I-'cdpipl^te the square" to-^btain • - , 

'v. '. • ■ f V" * . . .. 

We set 'a - fl \- ^ , V= If , c = m, £pa ^b 'in and 

I*. ' i 1*A " - • 

■ . ■■ , * 

separateL*4iQ problem into three cases-. ■ . 



V 



Case(i) \ 



If A: < 6 and , ^ - w < (J ve have 



/ \, . VOT^T = c/p?'- u 2 . ' S ^ • 

Since dx ^du,., the substitution- x = u - b yields 

."(ft.) I = 2 J*0(u - b , c v4 2 - u 2 )du. 

Kow, emp3^Tng the' substitution u = a sin Q of Example kk-la, we transform 
• . ' the integral into the -form ■ • - J 

\ :■ . ' \ ■ . .... , . 

(5) I = aT 0(a sin 6 - b , c a cos 0) cos e %B , 6 = arcsin X ~ b * 

Since 0 involves only rational operations, ,ve have established the theorem 
in % this case, 



■« ... ^ . - •■ .. ■ - •■* • ■ur- 

ease ' {ii) . , . ■■• • r * * V ' 

' Sf * A > 0, 'and y - < o, the substitution ■ 



v ' "■' x + b ■ u = a tan^p, 

s . r ' ' ■ ■ * • • ' 

as in Example A|^lb, confirms the theorem for : 'th» case. . , 

. ■ . >S • •'. ,' 
- Case ( ill) . . { . • ' " V * " L " 

. If ' A > 0 Jand j ~ ? °> *^ substitution 



■ ' as in Examples^AU-lc, yields the. desir^ result ^ 1^ 

. ■ ' . ' • • . . . 1 

The integral (2) can be also transformed into an integral of a rational 
combination bt sinh t and cosh t by an appropriate transformation x = f(t) 
wh^re t I* a "hyperbolic function. The proof 'is left as an exercise. 

EORSM AU-lb. AP integral of a rational combinatiorr-of s^Ln x .and 

cos x* can be transformed into an integral of a rational function ( . 

cJsy a suitable sulfswtution. / * £ 



; 

Prggf . . We confer integrals of the form . ^ 

L. j^Rfsiri J^Jos- x)dx . * # * 

where ' *♦ is .a rational expression. ' tfe 6bserye th |^ sin r x * nd ^ os x aT f ]\ \ 
rationa^ expressions in-, t = tan rr ; namely, N .'I V' 

• 2t l-t ( - rf • , 

(q) ■- / • sin x = o , cos <x = p . ■ ?. 

• ' , 1.+ 1T . ■ • 1 + t. N ■ i L . 

'» Furthermore, • • , . 

(10). " 1 *dx = d(2 arptant) = . 1 ■ 1 p 1 dt . , , . ; * 

- * 1 + t / \ 

•'• Consequently we may transform the integral (8) into the integral of a rational' 
'function by. employing the substitution .... 

: (llj • • x = 2 arctan t; , * ' 



•(8> V L fa 



* ■ >• 



7U.7 ■ - ■ 



. thus, entlring (9 Wand (10) in CM ve obtain the integral in the form 



• " C 7 *2t 1 - : \ 2 



g«t. 4 



, . "Theorems 10.-3a and 10-3hdo not necessarily point th« way to the. simplest 

( • '. ^method of 'integrate f0 ? a uction of one of £e types^considered' here; they . 
• > -/ .s.implj«««inditate-s line dTl£proaoh. which is sure to work but may lead to ^> 

' • y { enormous- complication.' .Often, some special device leads to" the solution far . 
•.' • inore. simply *ncf directly. "' > " > ' 



) 



Exercises Ak~l . 



l/.'lntegrate the following functions, the ^umbers a and b. beiiig*po«Ltive. 



. ' / 2 2 ' « 

/ \ va. - x 
(a) -; s v 



(g)' 



X 



/2 + - 2 



/, x /l + X 2 



.(h) x 3 /(lf - x 2 ) 5 



, C 2 A2 2 
(c) x /a - x 



(d) - 



* 2 /2 

/x Vx - 



a 2 i. 



(f) 



1 • . 



(x 2 + a 2 )/a 2 x 2 + 1 



(i) , 

(o) 
U) 



72 2 
/a x - x 



x .+ ~ax + b 

x 2 +-V 

/2 7 2 
/a x + x 



2P Let' R(x,y) » denote a rational function, in x and y. Reduce the 
following integrals to integrals of rational functions, f 



(a), 
(b) 



v'ax..'+' b)dx- J • a i 0. 



J R(x, 

[ R ( x > ^^TT^) ix > n ' an 



integer, ad - t>c ^ 0. 



J 7 



./3 



3V ^ing tjie relult of ifamber 2, integrate 



/ax + b 



.... • 

V, Reduce k to rational form 



dx 



1 + x / r l'+ X v 



5, Express as elementary functions 




(b) 

(c) 

(a) 

(e) 



f dx 

J ^ ei 



sin x 

• dx. ' 



'fi- 



ll/ £ 



1 

J k £7 



cos 2x 



J 



V 



ft *> V 

6. (a) The integral 



' J Vax 2 + 2bx + 



dx, where P(x) is a polynomial of 



degree n anfl a ^ 0 can be reduced to a rational trigonometric . - 

form asdespribed in the text. It can he also reduced, 
. 1.. 



^integration ot %r 



I 2 
va: 



; namely for some polynomial 



/ax + 2hx + c 
degree (n - 1.) and constant k. 



P(x) 



D(Q(x)Vax^" 



+ 2bx + c 




y 



• Vax 2 + 2hx + c 

Show' how to find 0, and k . • 

v . • ■ ' 5 3 

(h) Using ia), integrate % t ~ t + * 

. . XT? 



(c) Calculate -the integral of .(h) ^ using trigonometric substitutions, 
and compare 'the merits of the two methods. . w 
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• • <■':■ 7 ' ■ .4 •,' <\. v .•: J-* 

' Integration by Parts . ^J)" ■« ' 1 M , • ' -j 

.J" ' . (.£)■" The ^asic^formuia . • '5fT method' of integration by parts is used toV 
.v .' integrate certain kind's *of* products".* The method j corresponds to tfce formula ^ 
; ' ,for>the deri/attve of ^ffroduct / . ^ 



ftl*-2a. If l 'fv and g have conVinuous^ derivatives over a common / 



'interval containing, a and -b then. 



A 1 >^)g , U)dx>'[f(b): § Cb)^f(a)g(a);] - f(x)g(x)dx; / ^* 

i v — ■ ' . 

" . ■ *' j The theorem follows .directly from the' product ■ rute of Sectjqp 8*£) 



andvbthe Fundamental Theorem of Calculus. 



^J^t^eibnizian notation, f or Xi = f(x) # , du = f\(x)dx -and v = g(x).-, ^ 
V , dy^N= g«.(x\dx v we obtain" f^r ^W^finite integral -corresponding to (l),- 



s o* (2). 



iiorr^y parts. 



Integration by means oi 1 (2). is called irrbe^atiorr ^Dy __ 

* " ' Example A* -2a . To # integrate \x log^Vc ^bserve that log^ x* has an- 1 
especially, simple . derivative and sit u> lojfe x and dv = 1 j dx. For v, 



heta, we take v - x. Consequently!,, from (.S 



log x dx = xXcfe' x 
e £ 



«= x log X - X 
e 



the fornkila we have already obtained , * •■■.»"» 

A In application, (2) is used as above for the integral of a product^jhere ' 
; the product of the. integral of one factor ana" -the' derivative of the other is 
formally irfttjgrable . . -i - 

■ The.Leibnizian notation in (2) was introduced as a shorthand for the- 
explicit" formula..' But^the notation suggests that we might interpret u\ as 
a .function of v, and v« as the inverse function of u. This iciea yields 
an illuminating geometrical interpretation of integration by parts. Suppose 
• that: u = f(x^^^nd v = g(x)> where f and. % .have inverses. Then, we ofcn 1 
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J10 



write', li »-0(vJ and' Ij/tt) where <<fr- and * are inverses. (The proof. • 
is left to ^ Exercises. AU-2,. No. *)■.....*&. ^ = ^ = f(bT and = g*a) ^ 

y''« §(*)../w« have' u. • = 0(v ) and, inversely* = ^(u^ «for',l = 1,, 2. 
No*# suppose and are^increasing and *ribnnegative. yThe*> -yfrom the 
(familiar interpretation of- integral as -area (see Figure *M-2aJ. we immediately 



*~ v *^ (u) . 




* X f 



9* 



Figure A^-2a 



vcrj v lu - av + 



'X/i 



v du< + u v' from which we at once obtain . 
ud^_= [u^"- u u Q ] - 1 «vdu. 

• ' i * r j u o . • * 



From the Substitution Rule we immediately "recognize this equation as' a -form 
pf (1). A .life geometricalargumetft gives the same result when 0 ahd * 



are decreasing. 



arts gin 



In general, ' this ' interpretation of .integf atio^ by parff gives the formal 
integral of any .function which has a formally integrable inverse. V , 



V 



V 




X 



ERIC 



- . ' ■.'< • • 

Example A^-2B > Coifs'ider, • v 



consider,;^ - ^ , ^ 

i-V-. . argfein x cfx,^/.,« . ,(n • integral, n. ^ -l). 



s'iA ' has a simple *al^raic^ derivative we set u > arcsin x r / * \ . * 
••v; ' " h-fel .T " * ♦ 

r ' dv - x"dx -and. take v . = * . ^For. the Tlom^iiv y < * < £ we ,bave 

' V * tu ^arddn ^V^i' + \) r ..and ' V» = -£i-*.*iri n , +\u^Frim T^eoreri.A^lb we' kngw^ . / 
;i*hat^ A:^d\i c£n be tjrattsfbmed^nto'jihe integra]?'of ,^j&tional function. , (j 
" J • ' As." we- shall; See* jffeection A,4j0) ritional f utfctio^s afe/alwaye 'f orally integrable 
It ^plJL&KS that siA? +J " u -is ^/rmail? * integrabif ^itfe"' respect to u and 'hence - 
^.t\St-'^ : .ip^p^t^ /.ii-Jprntelly integrable witn respect to ' x.' Reduction to 
/ \.' the^ritegral of "a" mtional* function is' npt necfttaria^ the most efficient-way ( ^ 
V- to carry*' out these in^^ation^f~bitt 'integration parts' can be-tised more 
•'■ effectively in other ways to exec^tSe, the integrations i 



T)*e idjta of Example Al+-2b; for^u = 'ffrjjdv = x n dx^l .establishes the 
formal 'integrability of x n f(x) ; where # f . is any inverse fircular ( 
function/ and, J in -view of Exafnplej^M-2a, if f(x) =!log x . % 



Example - AU-2c / -Consider 



• J 



x log x dx, (r real). 



Since Aog^x has a simple derivative, set *u = lcfe x, dv = x dx.- If 
r ^ ;-l we \take v" = ^ + 1 to obtain *' 



• J x r log x dx = log x — T J x - dx , 4 ■> 



r+1 



If r = " we. may take v log x to obtain 

* 1 • , ■ '« • * . 



which yields 



yields 



? . 
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-S 



) 




2 



- a result^which'is obtained more directly from the substttutipn lpi 



o^x = t- [: 



exhibits- * 



.* The- method -of Example AU-2c, # fcrf -u~ = f(x) and dv * x dx, 
thecoma! *nteg*ability of. any func^on of- the v form x n f(jx),\ when n ^ 
where f»(xj is\ny rational cc3mbination of x anS-^ VQ(x).- ; \nd Q(x) i 



n i -1,. ' 
is a 



quadratic .polynomial. Integration by part's . expresses the given integral in 

• •. ... • ' • * • '< n+1 ' -/ & < 

■ - -firms of 4e integrator 5— T "ip" l (*T which may/be ; t3?anfiforn^into the ■ >i ; 

• integral of a" ra.ti.onal -function by -Theorem- AU-l^;^F^ai£lHhe\'assij[feed integrability 
of rational functions, the result- follows . It follows *aV^ slight^'geVieraliza 

ct%n P. " 



funct 



tib^ that P(x)f(x)* "is formal|fcr 'integrable Ifor .any piplynomial 
'frpnrt^iis argument we observe again that if f is a logarithmic or inverse, 
eircuiar, function, thafci x n f(x) is formally integrable. In addition; for 
fr(x) ^J^(x,yQTxT) , -a rational combination of, x and ^Q(x) ,. the expressions 
x n log h(x), and- x n arctan'h(x) and are. all formally integrable since the 
derivatives of log and arc!tan and ara rational functions . " f 



J 



' Example Ak-2d . Consider the integral 



We 



'""irrfce^] 



rate t}y parts 



x e d^ 

X 



. Set u ~ x dv - -£ X dx an^, v v = e . ■ Then by (2) T 



I x e X dx = xe X r I 

J \ > \ J 

TO X' 



e. dx 



xe - e 



Integration by parts may be. used- to produce a simplification ra-ther than v 
a. .final 'complete integration as ipH-Exanple -Ak-2c when - r : = -1. ■ ' 



1 



ERIC 



' Ebcampl^ Ak-2e. .Consider 



e bx sin- ax ax 



' *For ■ u '^sin ax, dy « e dx, v * ~, , . we obtain 



cos ax dx 



/-^l^Sff '.- c< 



. whe£e 



-J 



J '= I e bx .cos ,ax dx 



presents the same difficulties of formal integration as^ -I- Hovever, by the. 
same technique, we can express J in terms of I and hopefully may obtain • * 
•an equation which can be solved for I. ■ Nov take -u = cos ax - and ^ • 



_bx 

v = 



^r- in (2) to obtain 



J = i e bX cos ax + r |e bX 'sin eoc dx 



■■ . i 1 bx . a _ : 

p = . — e cos ax ■+. r- I. 

b , *> . 

* * * 1 

Entering the expression for J above in the expression for.- .Iv and solving^ 

f or *I r we obtain . ^ 1 . . 

. * #. * y - 

I = — — — - e bX (b sin ax - a cos ax). * 

a 2 + V • . t v . • 

* (ii) Recurrence relations . The i. idea here ■ is to express an integral pt 

tiie general form KAx) dx in terms of I f n-k (*) dx • . \. 

J n , « ■ , ^ '4, 
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jfr&mple A k-2f , Consider* f \\ ' * 

.'■>V.^ ' • % ' ■ ■■ ' I = Tx T n- - x) n d* * , (n > 0 )-r-£-l). 

'§} .... • ' V '.\ ; n J ■ - . • - 



.':'Vr-- ;l *■ r+1 % V7 W ' ' 

SetTAu = (I - x) n , dv *.x r dx, v r . Th'e^i . 

>:•! n f ,r*l (l . x) n-l 

n. . r + 1 . r + 1 J . , 



r+1 ■' .< 



*wnere j;.f or .' n = 0 ; the* result yields', correctly, 1^ = g ^ ^ • ,. flow, observe 
tjiat • 

• X r+1 ( ; l.- X) 11 " 1 = -X r [(l - X) n J- (1 - X)^ 1 ]'-; . . ^ 

whence, % » " • . a 

' ■ ■ ■ r+1/. \n ■ k! • 

•.. . = x (1-x) + _^. [z ' - I ] . 

n 1 r+1 r +,1 n-1 n J 

This equation may then be solved for I in terms of I 

^ • - ■ ; n - n-x . • 

- ' r+1,. vn ' 

x (1-x) + 



n n + r + 1 n + r + 1 , n-1 



r+1 n ** ; 

1 I T/. ' \h x (l - x)' , ■. n £ r,. \ n-1 

J-x d> x) ax = n + r + 1 + n ^ +:l j,xyi - x) 



dx. 



Now this' formula may be applied recursively td express i ^ ■ in -germs' of 

• I o> I n in terms of I _ , etc . , to 1 yield T 
n-2 7 . n-2 * ■ n-3 . ■ • * % 

■ t" "x r+1 - T ;. ; n(l. x)?' 1 , n(n ~l)(l - x) n ' 2 

•: n " n + r + 1 I U " x; n + r . (h + r)(n + r - 1) 

. ' n(n - 1) ... 1 . " 1 , 

(n + r)(n + r - l) . ;.. (r + l) 

1 : • • ' . .. i ' ' 

•Sometimes! it lis necessary *to prepare for integration, by parts -by some 
preliminetry rearrangement, as ve, "Show in the following useful example. 

»* ^ ' • ' ' » * . ■ • . ■ 



« Example . AUr2g . Consider 



;\ I* « I COS 11 X dX 



> 



W write 'cos n x * cos** 1 , x cos.x, |se£' U*^ cos 11 " 4 " x', dA= cos x dx, 

' ■ 4 * ^ 

v a. sinvx, to obtain 



I cob^-x sin x + (in - 1) f cbs^ x 'sin- x h dx j>- 
^ = #4 x sin x + (n - 1) Jcos 11 ". 2 x.(l - cos 2 x)d?c- 



Thu&, ' • 

Solving for i n , we have 

n-1 . t 
cos x sin x n-1 - 

I n = n n V2* 

Since the, subscript is lowered by 2 at each step we observe for n even 
' ttiat^he recursive reduction of the integral terminates . at n =- 0, with. 

I ■•= f dx = x, and "for u odd, at n = 1 with . > 

I 0 J ' 

j cos x dx- = s'in x. \\ * '■ 

•/Often the ppinciple use of a recurrence relation is. not to obtain the . 
formal integral. in" terms of elmentary -functions (which may not be possible) 
but to obtain the .original integral in terms of a simpler integral. 



Example AU-2h . CdAsider 



I -*[ x n eidx. 



- 1 -X 



From u = x 11 " 1 , " dv = x e"? dx , v = - ^ e" x , we obtain 
• . ■ , In = i\^<e , ia^il 'If**?* dx 



. or 



2 
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i 



h . 2 • 2 n-2' ■ 

t' - . . . . j — J . ^-P «T««,£»« + Qwr * 



If • n- is odd* the recurrence relation gives ^ in terms of elementary 



1 -x 2 



"functions' and 1^ hut ^ = - | e~* y is elementary and I R is 
. y^lSrmally \integrahle in terms of elementary functions. If n is .even, then _ 
\the integration of 0 I , is reduced to .the \ integration of 



'V . 'V = |e" X dx. i*> ■/ 



'■ This integral is. not elementary. However, it is well known and much Used . . 

In terms .of # the error taction ' erf (the area under the normal probability 
• "curve) t given by . . . - • 

• -.. . t 2 / • 

r 

72* 



erf- x = ■-=- I e . ■ dt. . 



, : we. have 



if 

VSt J 0 

ror function enable 
/ . '■'Just ef* conveniently as 'the circular functions 



. / 



ThVcommon. tahles of the error function enahle us to" work with it numerically 















Exercises A^- 


-2 


. ' . ^ 1 •' Integrate the following* 
• * ^ (a)* ' x .sin 3* 

* .(b) x • 5x- V 


(j) 

• ■ ,■ * 

■ (k) ■ 


arc cos- x/m 
t/x + m/ 

: "2 . 

x. sin x 


-(c). 


•'3: -2x 


•/ ■ • (1) 


2".- 4 ■ 
x sin x 


•• : Cd) 


• >/x" log ax , 


. (m) . 


2 , ' 
x arcsin ax 


, * v ; (e) 


log 2 bx 


. ' ".. (n) 
* 


cds^ 2x 


;' : ' v '' : '---'-''' : J f ).. 


..log 3 X,. ; V ' - 


(o) 


sin x 




arc cos 7x . \ 


. •■ (pi 


sin (log .ax)w 


» % 


arctan^ "^c t , . 


' (q) 


4. 2 
" x tan- x- 


.... ; : \'U\* 


x. «rc tan x. ' \ 


• ,' *fr> 


2 

(arcsin % x) 




• y > (s) 


sin ax cos bx 


• . * / * " \ - • "i 












# • ' 





r -v v .. ■ ... ... •(. . , , .t'^'j ■■ - 

- .... -i j ! i ; 

-. \ 



2. ' Support the geometrical' Interpretation of Integra parts by. 
« -showing for u - f(x) and v = g(x) .where f. aftd.'/<j : have Inverses,- .» 
.~<*hat' U = 0(v) ' and v = *(u) where 0 ' and * -^e^nverse functions;.- / 

3. .Verify as alleged afte^Example.AU-2b .that the'm^hod of Me example*/ ^ ■ ' . 
■ .'** t . '-i f n * ■ ' t ? 

-does demonstrate the reduclblllty'of \x f(x)dx; to the Integra l.of .-a - . 

4 • . - 1 v J .. - .. , '•+■■.<' f • -V 

rational function If f Is any Inverse circular fun cf ton, or If f - *■ 
.? , the logarithmic functlprrT • v 

V. Establish . recurrence relations for each of the following '(in each*(iase . - 
' >\m and. |n are positive Integers). . 

*V (a). ; Jsin n Vtf ' \ ..-(e) 

(b)' (x m log 0 x dx (f) j*", arc sia x 4* 

f * ^ f " 1 

■(c) V sln"jf cos n x dx ^ Cg) J — 

(d) jx 11 arc" tan x dx' ^ (fJj^J V dX 



r 



' ax",, 
e .dx 



dx w " 



|i)' J'x" cjos x dx ' - ' 

(Note the difference ' between "n \ - 
odd ajid n even) T ■ :'■ 



• n 



Ak-y. Integration of Ratioqgl Functions .. , . , 

. • «* 

'■ The problems of formal integration- in the preceding sections of this 
appendix, were often recast in. the form* of the problem of integrating a rational 
function. For a rational function there always exists ar formal integral ;in 
germs' of elemental^ functions-. The.formal integral is obtained by reducing 
* the rational function to a s.um of a polynomial Junction and functions defined 
by the elementary forms 



; [(x - a) + b J . ( 

It' can be proved that such a reduction is possible, either from the 
Fundamental Theorem of Algebra which Requires the theory of -functions ^of a . 
complex variable, or directly by new? algebraic techniques.' .In either cast 
a complete proof ' vbuld take us Outside . the frame of this text. 

The r^uction of a rational" function into the sum of a polynomial and 
• terms of the form (l) and (2) is called, a decomposition into partial fractions. 
We give one simple. example. 

' Example AU-3a . A opmmon case is given )jy the' rational expression y 
, \ l • 1> i _\ • ; '• a - / b. '• 

V3> • (x - a)(x - b) " b - a^F^b x - &}> 

From -the decomposition (3) we immediately obtain the integral 



1 



T W ' t\ = V^-7 (l0 6 (x ■ " b) ■ log(x ' a ^ 

(x - a)(x -,b) b - a ■ 



1* ■ /X"-b 



b. - a. 



log .(5^4). :•/-■ 



■ 1 . ' ^ ' * ■ 7 . 

^ L et R l)e'any rational, function. By long division it is always possible 

Oj&> put R(x) in the form , - 

; - . R(X ). = s(x) + / • .•■ ^> - 

where. . S, P, Q are polynomials and. thl degree . of P Is ^less $han that of 
»• Q* Sincejt^e polynomial S is immediately integrable, we may pmit it f rom ^ 
• consi4eija^ic>n.' It follows from the Fundamental Theorem of Algebra (Appendix 
- 2) that every polynomial Q(x) with real coefficients has a unique factoriza- 
tion of the form 



(10 Q(x)-=A(x - c r )^Lx-%)\ . .[ (x - a f + b/] 1 " 1 : (x - a 2 ) 2 ,+ 2 . 

•' .. .... ' .' • '•' . '• • ■". , ' ' < ■ ., ' . 

•Where the c, are the distinct Veal roots of ,Q, and a^ + i^, the distinct 
imaginary roots •( b, > 0)i ' - N 

Nov suppose that R(x) = |^ where the degree of t> is. less than that <v 
of . Q . and that P 'and Q have noconmon factors. Then we assert that 
R(x> is the* sum of expressions of. two standard forms: for each real. root . 
C,« an expression of the form 

(5)' 




(x - or ' fx - <o 



where n is the rau^tiplici'ty of c : ' f or each pair of conjugate imaginary 
•roots a i ih an expression of the form . 

P x x + q x . P 2 * + q 2 V + ggj * ° "'' 

(6) / (/- a) 2 + h 2 t [(x -.a) 2 + h 2 ] 2 + - + [(x - a) 2 ..+ h 2 f ' < 

, , ; ; : ... ." . : (v + v^,. 

.where m- JLs their common -multiplicity. We merely use this format as a guide 
without proof . In each particular case it can be verified directly that the 
decomposition obtained. is correct. . Once we t&ve obtained and verified the 
correctness. ,of the partial fraction decomposition we have reduced the. inte-. . 
gration problem to. that ^J^tegr at ing the simple form (l) and (2). 

. ■ . ■ Before we embark on the problem of integration let us, see what" is- * 
involved in the algebraic problem of obtaining the" partial fraction decomposi-, 
tion. ".The first problem is to obtain the roots. of the polynomial Q(x). In 
general J the roots' of a polynomial cannot be obtain^ from the coefficients by 
a formuia involving only rational; operations and rational- powers . There are, 

-'such formulas for the- roots of polynomials of third and fourth degree, 3 but 
these formulas' are .generally ^useless. For example, the . formula for the roots < 
of • a polynomial of 'third degree may involve complex .quantities even when all 

. three roots are sreal. For computational purposes it would be sufficient to \ 
estimate tW rcwts^numerically, but it, is usually easier to estimate tXien 

\ integral directly (see Chapter 9). 'Nonetheless, the method of decomposition 
is Valuable because often the factorization of Q(x) is given by- the con- . . 
.di'tions of *the problem and often the factorization is easily obtained. » <,;- 
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iesjrti,- we turn our attention to 'the problem of obtaining the partial 
fraction decomposition once the denominator is- given in factored -form. 

^Pirst we- consider the problem, of obtaining. the partial fraction de com- ^ 
position of i4( ■•, '"■ . . 

- ^ pM ' • ■ . P(X) • _4 

- OUT "• (x - c^l*- c 2 ) ... fx - c n ) ; 

• . ' • • v * ; ■ . .■■'»• * , 

where the roots of Q are all real and simple (.of multiplicity ,l) and the ( 
degree of P is less than that of Q. From the foregoing, there exist 
constants* A k , . '(k = 1,2,...,' n) such that 

*0 • i ^ 



X f c, x - c 2 . . x - c n 



Tor x ^ .ci we. obtain on multiplication' by, (x-'c^ 




• . A l = . Q(x) - S ^- C ^ T(X) 

where S(x) is the sum of all the partial fractions but the first; In a 
neighborhood i: bf x = Cj : this equation states that the expression T(x) 
defines, the constant function T ; x-^A^ Therefore ^ ^ 



L P(.X)(X - C^) 

A l = ltm .- Q(x) -■ 



• X. -* C-j^ 



V I-..;.---', = X T C (x-c^x- c-) .. l^- e n .) 



whence , 



' • . P(c 1 ) 
(8)'- ■ • * A 1 ; '(c I -c 2 ) i (c 1 -'c 3 ) ...'(^-c^ • 

This last expreSon can be written tidily if-we^bserye that since tfc^.-O 

• >•'••.•' » * • / . ^ ■. - 



Thus 



Q(x)__ = lim ' . = Q'(c )." . " 

x-.c 1 ^ 7 ^ ;.x>ei x : c i l . • 

. . ...iU. 



, ' A - = -L— . since c. Is simply a symbpl for any one of the roots, 

•1 . Q' ('c-J • • ( "1 . ' 

it does -not matter, which for the purpose of this discussion, we have in genera 
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Example Aj^gb . '*e obtain the p&rtial fraction decomposition of 

• (x»+ i)xu - E5 * 



v 2 . D / Y ^ „ s x 3 _ x : Q.i( x ) = 3 X 2 - 1. The denominator 

• Here P(x) = x +^x - 1, ( - x x, * w > 

has single, zeroe at -1, 0, and - 1. From 



P(t1) -1 P.(0) ^ ' lA 



we have .. J 4 

. I$ = -;. ssVir^snrh^;/. % * "V-' 

..... . • * . " » . 

which is easily verified to be. cor;r?ct. ^ " 

•«'•.••*-*. . ,.' ' ' '• • • 

• ' . -There are general- .techniques for the case. of Multiple real roots or ■ 

imaginary roots, but in such cases it is often easier to determine the . 
•.decomposition by the method of equated coefficients.. > 

■', . • • ' * . JK: • - 

Example AU-3c From •» y : 

. x 3, . x £ + q i ., vty / ■ v. 

••v. .. x(x ? + 1) 2 ~ - + 1 (x 2 + 1) 2 ;\ •; .. . 

we obtain on multiplying both sides by x(x + l) \ 

/- 1 = r(x^ + 2* 2 '+*+ p x (^ + * 2 ) + » L (« 3 '' + "*) + p 2 x2 + q 2 x , 

provided x.fO. Now the coefficients of like powers on the right and left 
must be equal (Exercises AU-3, No.}) . Thus we obtain the equations 



?f +. p x +'f> 2 = 0 



r f -1,; 



from which ,r = -1, Pj . ='.1, , x - 1, q 2 = -1, P 2 - 1« This yields 



*Als'o called the* method., of. ''undetermined coefficients. 
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, 1 _ ^ 1 x + 1 Y x - 1 

x'(x 2 + l) 2 " x 2 + 1 (x 2 + l) 2 



which is easily verified tq 'be correct 



GIvej\the partial fraction decomposition of a rational function ye 
: complete the work of formal integration by showing, how to integrate the 
standard form?' .(.l) and\(2), ;For(l) the- integrals are. already found. If 
< Xn > 1 , • we naye ' * 



and. if n = 1>. then 



l (x - 'of,. 



(iOa) ' I — I —X dx = - 7 - ' .n-l + C 

;(n - l)(x - c) 



. (10b) ■ I ~T dx r rJLog |x - : 1| + G. . • 

For (2) we introduce the substitution " / 

/r^ . - a) = b.tanu . (- r < u < 

( ■ , . • • • • '<• ■ .<•; • . " 



where we. assume b. > 0 ( compare Example AU-lb). Using *djc =. ■ 1 — du 

we obtain '■%.*•■■'■'. 



X 



( px + q ■ ■ ^ c _ f P tan U. -+ pa '+ q b. d 
J [(x - a) 2 + b 2 ] n • J V n [l + tan 2 uf ' C os 2 u 



2n-2 , . 
cos u du . 



Of the last two. Integrals, the first is immediately formally integrable and 
the second is given by the recurrence relation of Example AU-2g.„ We leave 



as an exeipise the problem of completing the integration- and representing 
the' formal integral in terms of x. The resulting integral is a sum of terms 
of the following types, » ■ r ' 

' ' Ax ± B 

; . . . .L(x - a) + b J 

where, k is a positive integer, k < n, ' . - 

(lib) A log (,(x - a) 2 + b 2 ], ; ' ■ 

(lie)- . A'.arctan x " a . 
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if we know- the factorization of Q(x> . jie _.knqV 
^/.tfae'l^m of the from (io),and (11) , Therefore 'it is y 

V'v. suff icieSrt to differentiate this form and. determine the constants by the - 



Example AjHgd » Consider 



>} '.-V ^ a 



f x + 1 d3C 
x 2 (x? \ s 



form 



2' 



f o.) 1 ^l^^+^/t". 4 ^ ^ + ^ + P arctan *| + C -. 




: "'W._ fa- + 2c0x 3 +• (2S ^ bjx + hax - Kb 

'* ~ x 2 (x 2 >X): [. 

Since the numerator of this expression should be x + 1 we have on equating 
coefficients ^ - ; 

• : , a + 2a-= 0, 2P— '"b = 0, Va = -Vb = 1, ■ 



whence ' 



1 1 1 " 1 ■ 

* = TT > b = ' " =: ~ * m ■" ^ f 



.It is easy to verify that this yields the correct integral. . 



Exercises A^- 



• 1. integrate the fo]iowing 



(a) 

S). 
, (c) 

.!<«) 



x * 2. 



x* + 3* + 1 



-3 



x 2 ,+ 3* -10. 



3 



P 2 v 

x > 2ax + b * 



<* > |a|) 



x+ax + B / 
(x - a){x - bj 

(Consider the cases . 

a ^ b apdV'a = b) 



(x -a)(x -,h)(x,-c) 
x 3 + 1 



,' (f) 

(s) 




. (h) 



x 3 + a 2 



x(x - if 
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2. Prove .from ^ Equation ^(3) -that if 



Q(x) = (x - a L )(x - a 2 ) ... (x - tj? .^ere 

ay<ag < ... <a n , then ^ has a aecoBfiOftitlon into partial 
fractions of the, fottn - , - >* ■ ■ '.■'.'„ 

.' ''<* • I - -' r l , r 2 , ■ + _fn_ . ''' , • " 
> QUI x - a 1 x -.a^. • ? x.- a v ..... 



3 . I¥ove if 



-^V... + a„ = b x n + b ■ x 11 " 1 + h n - 



for all hut finitely many numbers x, , tha't the coefficients of like 
■ poven? on the right and left are. equal; i.e., a^, = b^for^ k = 0, 1 



n. 



' H Verify that [ ^'V 2 > dx .can he expressed as the. i of terns. 

* * . > \ . j[(x > ar. + h r • t . 

of the forms' ( 11a, b, c)-. : ~° ■ / * " 

• • - /• . > • . , ; ■; •' / . , ; 
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AM». definite Integrals / . v • ' ' ', ; \ .; ' . 

in Chapter 9 and earlier -sections bf this appendix^, addressers, lv,s;- 
primarily to the problem of finding the indefinite, integral of a^^fuaction^ 
In principle, this^oives the problem of. evading any definite -integral of the^ 
•functipn. in practice, it is often desiratfle or necessary^ evaluate a defir^ 
integral, not by* formal integration, but by some^ other raetW altogether.. , 
It may be impossible to. obtain an explicit representation .of the indefinite / 
integral in terms of elemeittary functions, yet some special symmetry. may 
yield- the value of a given definite integral, effortlessly . Even-if the formal 
expression for the indefinite- integral is obtainable, the use of a symmetry 
condition may be a worthwhile" -shortcut . Often- the idea of integral remains ■ 
appropriate when the Riemann integral,- . aa strictly defined, does not exist 
because the range or donfain of the integrand may be .unbounded. . In these , 
cases, ve have to extend the definition of integral in a meaningful way. All 
these problems are treated in this section. , / 



(i) Symmetry ; Watch, for symmetries; the observation that a. symmetry 
exists often provides a cfirect solution to a problem or an important simpli- 
fication. We have' already pointed out one useful symmetry in Section 6-1* . 

Tf f is an odd function and integrable on [-a, a], then 

•/ ••• ' ■ f aV 

(1) .•'..•«•• I fCx)dx = 0. • 

••' ... ; J.-* , ; : , 

4a , Consider V 

f * x 2 h ■ " 
1=1 x e - sin x dx. 

..'>-*■■ s 




is hopeless to firjd the indefinite integral, and it is pot needea, since 

1 = 0." - - . • ; 



■If "f is ah integrable even function 6n [-a, a], then 



(2) 



1" f(x)dx = 2.1 



f(x)dx. 
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t t + a 0 t + ... + a 0 t )dt. 

1 2 ■ en- 



Example AU-Ub . Consider 

The odd powers contribute zero and f or *he even powers we obtain 

• ' ' f ■ "'■ ' ••• ' ' * 

I x 2 2n 

' ■ I - 2 1 (a + e 2 t ..+ ... + a 2n t ,dx 

. JO * v v "■■ v .■ V- :." " . • 

■ • • ' 7 V . . & 2n X V ; — 

s2 \ a 0 X + "^" + "V + 2n + l J * 

Often an integral which exhibits no obvious symmetry can be transformed 
into asymmetric integral. This is specific for each case and no general rul% 
for discovering such symmetries can be given. \ r ; 

■ .■ ' ■ " * r> • :.\ ' . • 

Example AUAc * Consider " ... ' \ " ■ - 

I = [ 5 3 /x - 2 dx 



Since th^graph y = 3 ^x - 2 • has a center of symmetry at x = 2,. ve stft... 
u = -x - '2 . and, find • J , * .. 



j 3 %a^u. = -of 



.';■*. I = 

j* 

. Another important symmetry or a function is periodicity. . 

If the function f ' is integrable and periodic with period 
p,, then the integrals of f over intervals of length < p are 
all the same; i.e., 

!a+p b+p j|l 

f(x)cx = j f(x)dx . JP 

for all. a and b. 

: The" statement is geometrically obvious . The graph; y = f(x) oyer any 
: interval *of length p. represents -the ' complete grajrtv in 'the sense that the 
picture V the function from a -jto p is identical-to the picture fronr 
a + kp.\ to ' a + (k + l)p where -k is an in+?eger. . The. entire graph can be 
thought of.a<i a sequence of .identical pictures of ^ width p, .laid end-to- 
end (Figure Aft-V)> If -a. frame of width p i£ laid oyer the graph (the 
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irtex^l* tb.J» Pi t*e figuref then the part of ' the .total graph within. ' 
tha'frame may he cut along a line a + kpj and reassembled to. form the 
•original picture hy interchanging %he two piece formed by* the out. This, 
.geometrical'. discussion is exactly paraphrased by the. analytical proof . 
• The proof' is left'to. Exercises AU- 1 *-, dumber 12.' . 



Example A^-Up *. Consider ... \ 

/..Jo. 

: Since the integrand ^is periodic vith. period 1, . |_ 
I = nl a. cos -2.VJtx dx + 1 ^J*V C0S 2v?tX dX * 



For V> 0, 



and 



Consequently, 



1 v / s in 2Vrtx I 1 * J n 

cos 2.VJtx dx' = — xtz " u 

2v* l Q 



l/l* ■ sin (-g-) 
' cos '2VJtx dx 2^ — ■ 

0 : 



1 a l B 3 ^5 ' 



(i£) Special reductions . The general forji of a recurrence .relatipn 



for a definite integral is 



jN n U)dx = g n (x) a + c n ^f n . 1 (x)dx. • . 

QUite often specific problems lead to integrals for vhich the "boundary" term 



g (x) 



= g n (b) - g n (a), Y 



is zero for n > 0 , say.. ' If so, we immediately have 
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f 0 (x). 



Thus in Example Ab*2t 9 could conclude at once from 



\A& x)» dx \'£ht - ffi V— ^-rr ■ ( x^i-' x)"- 1 ax ' 

ix . x; ax m + + ]., n + m + 1 ./J 



thatf' 



m/\ ^\n , , n.(-n * l) . »••• 1 i 

(1 - x) Jx = .( n V m ; £j( n + m) :.>( n * §T J 0 

5 kV ' TV ' ■ - ^X" 1 , '/ 

k '< "j^n + m + l)(n +. m) . (m + 1) 



1 ■ 



x ■ dx 



Thus we obtain an. impoHant. fconne.ction 'vith the binomial coeff ifcierrts.: 



x (l - x^ dx 

0. \x • 

• XT**'** k 



Example AU-l»e j> A case e£ special interest is 

'jt/2. 



VJt o« no* VkO-\re> v . , ^ 



. From tiiey<result of Example A^-2g, we have t v 

n/2- 



• * v-1 
. cos ^ x sin x 



- V V: y V-2 



Tor v > 1, this fields simply - 

> ' :v .v-l 



CO 



For V even, v = 2n, ve obtain. v 



(5a) . 



k j ' _ (2n - l)(2n - 3fr.".."*. >; v 
' i 2n- " . 2n(2n - 2) ....-2 - (2 



> 



.For ,v odd, v * 2n +.1, .ve obtain K J . 

':. ?-~v ;^r v - / •"• • ■ . 2n(2n -k2) ... 2 

• * . (5*0 .'• - W = (2n + l)(2Y-.l) ....3 " 
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• . , : ■ ■ . .. <: • ' • . , • - . * - . . 

...... Prom^(5a) and (5b) 'there can be obtained a graceful represen- 

tation of — known as Wallis's Product. Observe that *' 

2 2 U 2 ' ^L : '(2n) 2 T 2r. ' ' " 

•'• • f = TT3 ' 3T5 ' 5 > 7 * * ' (2n - 1) (2n + l)' '. < 

Now, sfiace 0 < cos x < 1 on ,[0,^] we< tiave cos^ 1 * < cos V x for. 
all. ' y 'so that ; It f^qwe-tKat -I 2n+1 '< 1^ < I^,. ; 

and since^Ig^^ : 2n + 1 




<>1 i . 



2n 

j. . , 

Talcing limits, we obtain : lim. ~ = 1, . whence 

: v h--*oo 2n+l 



■■ • - ; ../ 2." 1-3 ' 3 '5 ;*5.-7 " • • • 

where by this ^infinite product, we mean simply \ f 

'•".#,-.' 

lim T 2 2 "JiL ' V" (2n) 2 ' "[ 

n • 3 ' 3* 5 '5 ' 7 , ^(2n / --l)(2n + ljj 

TT L-(2n)i -J 



j2 

= lim ■ ■ 



n 2n 



The verification, thatlthe two expressions in these limits are .equal 
' • is left" as an exercise , ' '* 0 

.•••'•'•••/•.., v -: . v . . • . • ' ■ r ; - ' /-v.- ,• 



* John Wallis '(i6l6' 1703), English^ *' 
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: ' : * „ . Exercises A^-'i 



EvaiWcr^ drfihii>e n .integral-^ :. - .;. * • ■ - ■ V. 



■ "3 " * 
x' cos x dx . 



( 99^ m 99. x r*xfo ' • ■' % 

'• > f i o • ; / N/2. 7 

/ -2V I e _3x ' «K ■ . ■•- .7. I sin'. 

•:w ^-e^^-: '.•;^\/ >•< • f 2 dx .. 

v :\r*/2j \\. f * / 2 , 2 ... '•/< \ 

jA 1 : - sin x dx, (m,a positive 9- • I A -'-x ax 
J 6 ' ■ ' integer) G J 0 



* 5. I - sin m x 'cos m x dx , ■ ■■ 10. I -§ g ; 2 ~A 4 

Cm, a £<Jsitive integer) ^ a > 0 , .V > 0 



1-a. . . v [ 0 ♦ ' . ; / 

' .f(x)dx with j . f(x)*dx vhen f -*is everv.or odd to „. , 

* 4 . derive the results '(I) and (2>' of the text by a .methdd other than the 

■ one you employed for* Exercises' 6-4, Number- ^. * 

- ■ ■ *\ k * 

12.' Prove if f is integrable and periodic of period p, then" for 1^11- 

0. , . ■ ~ y .■■ . • • 

a and b ' * ^ ". : '• \ J ' 



!a+p f b+p 

f(x)dx =' I ■. ,f(x).dx. 



. ; - 13.. " Prove, that if n > 2 then 

.500 < I ■<;.., 524, 



■ : . f ,1Y ' 2x(l sin: 
14. .Prove that 1 

'•' ■ • J-JT 1 + COS . X 



■ sin • .2 



O - dx = TT ■, 



- 2 2 1,2 



15, -Show — '3^5 '~ 



^ ' : ' (2n) 2 _ _1_1 f?4nlf 1 ' 2 ' 

~ *'•■; (2n .- ,l).(2n + 1) 2n + 1 [ (2n) !. J V 



■ ■ S 



23 Z ' . 



l6. determine the value "ex&ct- to twq decimal places of. * * 



!:• 



36.1 , ■ •* 
sinU log x) dr _. 

. x 



1<7 . Evaluate 

: a 



1 



/, 2 - cos 2t t 



(Hint: 'Express the integrand as the sum of a symmetric part and ah 
integrable part.) 
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